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T O T H E 



Right Hokourabls 



George Earl of Macclesfiela. 



MY LORD, 

As I efteem It a vefy great Honour to 
be permitted to pkce the following 
Sheets under your Lordfhip's Pro- 
tedtion, who are not only an Encourager of^ 
but an Ornament to, Mathematical Leam- 
^ ing ; I have taken more than ordinary Pains, 
^ that, ff^bat is here ufher'd into the World, 
'^ with fuch Advantage, may not be found al- 
^ together unworthy of fo diflinguiihed a 
^Patron* 

QO I am not vain enough to imagine, that, to 
fi^nc fo deeply read in thefe abftrufe and cu- 
rious Speculations, as your Lord(hip is uni- 
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W DEDICATION. 

vcrfally allowed to be, this Work will appear 
without Faults : But then, I have the Satif- 
^u^n to think, on the other hand, that,. 
Vrhatever is Here to be met with capable of 
bearing the Teft of an exa£): and folid Judg- 
ment, will alfo have its due Weight, and not 
fail of receiving your Lordfhip's Approba- 
tion : And if, upon the Whole, there is Merit 
enough found to intitle me to a favourable 
Reception, it will gratify the higheil Am^ 
bitlpn of, 



My Lord, 



Tour Lordship's 



Moji Obedient Humble Servant^ 



The. Simpfoiit 



* , 
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PREFACE. 



HAVING, in the Year 1737, publiflied 
a Piece, on this fame Subjedb, under the 
Title of A Treatiji of Fluxions (whereof 
the whole Impreflion hath been long fince Ibid) 
it may be proper here, firft of all, to aifign the 
Reafons why this Work is fent abroad into the 
World as a New Book, rather than a Second 
Edition of the faid Treatife. Which, in jhort^ 
4if e tliefe two : Firft, becaufe the prefent Work 
as vaftly more full and comprehenfive ; and^ fc- 
condly, becaufe the principal Matters in it which 
are alfo to be met with in that Treatife, arc 
handled in a different Manner. 

Besibes the Prefe-Errors with which the 
faid Treatife abounds, there are feveral Obfcu- 
Tities and Defefts (which the Author's Want of 
Experience, and the many Diladvantages he then 
iabour'd under, in his firft Sally, may, i^ is 
iioped, in Ibme meafure excufe.) But whan is 
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j8 PREFACE. 

now offered to the Publick, being a Performance 
of more mature Confideration and Judgment, 
it will, I flatter myfelf, be found much more 
correft, and claim a favourable Reception ; ef-' 
pecially, as particular Care and Pains have been 
taken to put every Thing in a clear Light, and 
to oblige the lower, as well as the more expcr 
J:ienc*d, Glafs of Readers* 

The Notion and Explication Here given of 
the firft Principles of Fluxions, are not eflen- 
lially different from what they are in the above- 
mention'd Treatife, tho' exprefled in other Terms* 
The Confideration of Time, which I have in- 
troduced into the General Definition, will, per- 
haps, be difliked by *Thofe who would have Flux- 
ions to be meer Velocities : But the Advantage of 
confidering them otherwife (not as the Velocities 
Theftifelves, but the Magnitudes They would, 
pniformly, generate in a given finite Time) ap- 
pear to me fyfficipnt to obviate any Objeftion on 
that Head. ^ 

By taking Fluxions as meer Velocities^ the 
Imagination is confined, as it were, to a Point, 
and, withput proper Care, infenfibly involved in 
met^phyfical Pifficulties : But according to our 
Method of ppnceiving and explaining the Mat- 
ter, lefs Caution in the Learner is neceffary, and 
the higher Orders of Fluxions are rendered much 
piore eafy and intelligible •^!-i^Befi4es, tho' Sir 

' ■ Ifaqc 



j[/aac Newton defines Fluxions to be the Velocities 
if Motions^ yet He hath Recourfe to the Incre- 
ments, or Moments, generated in equal Particles 
of Time, in order to determine thofe Velocities ; 
which he afterwards teaches us to expound by 
finite Magnitudes of other Kinds : Without % 
which (as is already hinted above), we could have 
but very obfcure Ideas of the higher Orders of 
Fluxions : For if Motion in (or at) a Point be 
fo difficult to conceive, that. Some have, even, 
gone fo far as to difputc the very Exiftence of 
Motion, how much more perplexing mull: it be 
to form a Conception, not only, of the Velocity 
of a Motion, but alfo infinite Changes and Af- 
fections of //, in one and the fame Point, where 
dll the Orders of Fluxions are to be confidered. 

. S s £ I N G the Notion of a Fluxion, ^^ording 
Co our Manner of defining It, fuppoles an um-" 
form Motion, it may, perhaps, feem ji Matter 
of Difficulty, at firfl View, how the Fluxions, 
of Quantities, generated by Meani of accelerated 
and retarded Motions, can be lightly afligned v 
fince not any, the leafl, Time can be taken during 
which the generating Celerity continues the lame: 
Here, indeed, we cannot exprefs the Fluxion by 
any Increment or Space, aSualfyy generated in a 
given Time (as in uniform Motions.) But, 
then, we can eafily determine^ what the contem* 
porary Increment, or generated Space would ,be^ 
Ijf" the Ac?eleration,^ or Retardation, was to ceafe 

at 
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it tke propofed Pbfition in which the Fhixidn i& td 
be found : Whence the true Fluxion, itfelf, will bd 
dbtained*, without the Affiftance of infinitely fmall 
Quantities, or any metaphyfical Confiderations. 

Thus, for Exihiple, the Motion of a Ball, de-^ 
fcehding by the Force of its own Gravity j is con- 
tifiuilly accelerated ; but to have the Fluxion of the 
iJlftahce fAirn thro* at any given Pofition of the 
Bill,^e mull fi Ad how far the Ball waiMy uniformly, 
diifctnd, from that Point, in a given Time, if the 
Gravity, br the Earth's Attradtion, fix)m thence,wa3 
tb te^fe adling. By which Means we fhall have ad 
elciir aft Idfca of the Fluxion ahd the true Meafure of 
theVelocity of the Ball, at any Point affigned, as in 
flibfe Cafes where the Motion is, a£lualfyj unifoi'm* 

Again, if ^ Right-lihe be fuppbfed tb mbve 
paralltl to itfelf with an equable Motion, and to 
ihcfeife in Length, at the fame Time ; the Area 
geftefated thereby, will incrcafe with an accele=- 
i^ted Velocity t But the Fluxion thereof, at any 
giveft Pofition of the Line* will be had by taking 
fehdt Part of the Increment Which wouUy uni- 
formly, arife, . was the Length (as well as the 
Velocity) of the LiAe to continue invariable from 
the pfopofed Pofition. For, if the Length be 
Rippofed to incfeafe^ from the faid Pofition, the 
Area generated, from thence, will be, evidently^ 
greater than That which would uniformly arife 
iii thte femte Time \ fince the new Parts, produced 

each 



PREFACE. Ik 

fiach fiicceeding Mcwent, are greater and greatf^r, 
Therefore the Fluxion mud be le{$ than any Spact 
that can be defcribed, in the given Time, wheq 
the line mereafes, And». in the famie ManncFi 
the Fluxion will appear to be greater than any 
Space that can be dpfcribed* in the fame Timgf 
when the Line decreafes. // muft, thisrefpfp, 
be equal to chat Space» which will arife, when 
the Length of the generating Line, from the gi - 
yen Pofition, is fvippofed neither (o increafe nOf 
decre^fe; A©*feMe tp ^/. 4. 

Thus much it feem*d proper tp off^r Jfe-j 
with regard to the Firft Principles— I fhgll npiif 
proceed to fay fomething concerning the Qx^r 
pbfery'd in treating, and pptting tpgethe?, %\^ 
feveral Parts pf the Wprfe \ wherein the Eaf? 
^d Benefit of jh^ yonng Beginner have l^n pw^ 
ticularly confuted : To load fych an One wijth S 
Multitude of Rules and Precepts, before giving 
him any Tafte of their Ufe and Applic^fipn^ 
would, certainly, be very difcouraging ; mi \)k§ 
labli^ng a Traveller to afcend an high Mppntain, 
without allowing him to ftop by the Wgy, tp t^k§ 
Breath, and refrelh his Spirits with a Profpiea pf 
the agreeable and extenfive View he has to e]i^ped| 
when he arrives at th^ Sumniit : J h.avg ?hef§:: 
fore, after demonftrating the FiriJ: Pnncipjes^ 
proceeded immediately to exemplify their Uf ility 
in feveral entert^ning Enquiries, befop/3 fP9phjng 
^t all uppn th^ InyerfQ Method, or the more4i^ 



iicult Parts of the Dired. And, fince that Branch 
of the Inverfc Method which treats of the Com- 
parifon of Fluents is, naturally, fomewhat difficult, 
it is referred to the Second Part of the Work, to- 
gether with fuch other Matters in the Theory as 
might appear, either, to6 tedious or hard to a 
Learner at firft fetting out. The like Care has 
been taken in the Difpofal of the reft of the 

Work As to the feveral Particulars whereof 

It is comppfed, l^muft refer to the Book itfelf. 
They being too many to be here enumerated i 
• , One Thing, however, I muft not omit to take 
notice of, relating to that Part which treats of 
the aforefaid Bufinefs of Fluents : To which ic 
may, perhaps, be objefted. That, notwithftand- 
ing my having indfted fo lar^ly on the Subjedt, 
there are a Number of Forms of Fluxions 
and Fluents to be met with in Authors, that I 
have not fo much as touctfd ujpon. This is 
granted -, but then they ace moft of them fuch 
as, I dare pronounce, can never arife in any In* 
quiry into Nature : And it woukl, doubtlels, be 
Time and Labour mifapply'd, to fwell the Work, 
and embarrafe the Learner with a Number of un- 
neceffary Difficulties, and empty Speculations; 
when what is, really, proper and ufeful, in the 
Subjedt, is fufficient (it is well knownj to cxcr* 
cife his utmoft Attention and Refolution^ 

I Cannot put an End to this Preface without 
acknowledging my Obligations to a fmall Trad, 
• 3 in< 



P R EFACE. 

jxxd^fiA/jfy ExpioMtian of Fkitimt haShertEffiy 
m the Cheery s printed for ff. Itoffs : Wrote by a 
worthy Friend of mine (who was too modeft t6 
put his Name to that» his firfl; Attempt) whole 
Manner ofdeterminingthcFluxion of aReftang]^ 
and illuftradng thehl^^ Oders of Fluxions, I 
have, in particyUfi followed, with little or flo 
yariation. 
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* Pigs 10. 1. 15. for *V« rcad>y»; p. 34. 1. x. r. 
mmformly 5 p. 49. 1. 10. let the Comma bcfort the World 
wbicb be put alter it ; p. 71. 1. 13. for Invoiutey r. £w- 
Arf^ ; p. 95. 1. 21. for X^ r. +p ; p. 104. 1. 3. for 
0.oi> r. o-oixii f^c. p. 109. 1. 3. for a\ r. 2a i p. 
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128. 1. laft but one, r. ; p. 137. 1. 14. for 

JW— ill • . 

AN» r. ifiV drawn inU AB\ p. 148. 1. 14. for z and 

'^ • 

ax 

je. r. ;ir and x^ p, 150. 1. 3. before >» , . r. =s a 
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p. 153. 1. 4. for X, t.x\ p. 157. the Letter'^, in the 
Cut fhould |land lower^ at the Interfe&ion of the Curve i 



p, 160. 1. 7. for fl*"^* h tf**"^; p.' 172. 1.21. ioTfy^x^ 

x.py^xi p. 215. 1. 4, and 6. for OC^, r. OC*XOG ; 

P* ^53* 1« 5* ^^^ ^* ^^^ ^Q) ^> ^? » P' 24. inftead of 
i« 27. read} which Equation being no longer poJfibU than 
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PART the Firft. 



SECTION I. 

OJ the Nature^ and Invejiigatioriy of 

Fluxions, 

N Order to form a proper Idea of the Nature of 
Fluxions, all Kinds of Magnitudes are to be 
confidered as generated by the continual Motion 
of fome of their Bounds or Extremes i as a 
Line by the Motion of a Point ; a Surface by 
the Motion of a Line ^ and a Solid by the Motion of a 
Surface. 

2. Every Quantity fo generated is called a variable, or 
flowing Quantity : And the Magnitude hy which any 
Jlowing ^antity WOULD BE uniformly increafcd in a 
given Portion of Time^ with the generating Celerity at any 
propofed Pofition^ or Inftant (was it from thence to con-- 
iinue invariable) is the Fluxion of the faid S^ar.tity at 
that Pofition^ or hjlant, 

B Thus, 
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The Nature and Invejligation 

Tfaus, let the Point m be conceived to move from A, 

and generate the 
772, 77t 7* variable Right- 

A. * ^ """^ Jine Aiit, by a 

K Motion any how 

regulated ; and 
let the Celerity thereof, when it arrives at any propofed 
Pofition R, be fuch as would j was it to continue uni- 
form from that Point, be fufficient to defcribe the Dif- 
tance, or Line Rr, in the given Time allotted for the 
Fluxion : Then will Rr be the Fluxion of the variable 
Line Am, in that Pofition. 

3. The Flu;ci9n of a plane Surface Is conceived in 

like Manner, 
Q byfuppofinga 
given Right- 
line mn to 
move parallel 

. 13 \ _F to itfelf, in 

A R i^ the Plane of 

the parallel, 
and immoveable Lines AF and BG : For, if (as abpve) 
Rr be caken to exprefs the Fluxion of the Linp Am, 
and the Rectangle RrsS be completed ; then that Re£l- 
angle, being the Space which would be uniformly de- 
fcribed by the generating Line w«, in the Time that 
Afn would be uniformly increafed by wr, is therefore 
the Fluxion of the generated Rectangle Rw, in that 
Pofition, according to the true Meaning of the Defi- 
nition. 

4. If the Length of the generating Line mn con- 
tinually varies, the Fluxion of the Area will Jlill be 
expounded by a Re<SbngIe under that Line^and the 
Fluxion of the Abfciffa, or Bafe : For let the cur- 
vilineal Space hmn be generated by the continual, and 
parallel, Motion of the (now) variable Line m», and 
let Rr be the Fluxion of the Bafe, or AbfciHa, Am (as 
before) ; then the Reflangle RrsS will, here alfo, be the 
Fluxion of the generated Space Amn : Bccaufe, if the 
Length and Velocity of the generating Line mn were 

to 







$f FLUXIONS. 

• tb continue invari- 
able from the Pofi- 
tion RS, the Reft, 
angle RnS would 
then be uniformly 
generated, with the 
very Celerity where- 
with it begins to be 
generated, or with 
which the Space 
hmn is increafed in 
that Pofition.. 

5. From what has been' hitherto faid it will appear, 
that the Fluxions $f Quantities are^ always^ as the 
Celerities by which the Quantities themfelves increafe in 
Magnitude: Whence it will not be difficult to form a 
Notion of theFluxions of Quantities other wrfe 2;enerated ; 
as well fuch ^ arife from the Revolution of Riaht-lines 
and Planes, asthofe by parallel Motion : But of this here- 
after. I come now to (hew the Manner of determin- 
ing the Fluxions of algebraic Quantities 5 by which all 
others, of what Kind foever, are explicable. But firft 
of all it will be requifite to premife the following Ob- 
fervations. 

L That the final Letters u, Wy-x, y^T. of the Alpha- 
bet are commonly put for variable ^antities ; and the ini- 
tial Letters a, b, c, d, &c, for invariable ones : Thus 
the Diameter of a given Circle may be denoted by a^ 
and the Sine of any Arch thereof (confidered as varia- 
ble) by jr. 

II. That the Fluxion of a ^antity reprefented by a 
Jingle Letter^ is ufually exprejfed by the fame Letter with 

a Dot or Full-point over it : Thus the Fluxion of ;if is 
reprefented by ir, and that oi y hy y. 

III, That the Fluxion of a ^antity which decreafes^ 
injiead of increajingy is to be confidered as negative. 
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PROPOSITION L 

6, The Fiuxion of a ^antity being ^ivetiy ^tis propofed 
to find the Fluxion of any Power of that Quantity. 

m 

As a clear underftanding of this Problem will be of 
great Importance throughout the whole Work, it may 
not be improper to confider it iirft in one or two of its 
moft (Im'pie Cafes. 

Cafe I. L^ X exprefs the Fluxion of x^ (according 
to the foregoing Notation) and let the Fluxion of ^' 
be required. 

Conceive two Points m and n to proceed, at the fame 
t4me) from t^^o other Points A and C, along the 
Right-lines AB and CD, in fuch fort, that the Mca- 
fure of the Diftance CS (y)y defcribed by the latter, 
may be, always^ equal to the Square of that AR (x), 
defcribed by the former moving uniformly* 

A i_R. B 

"■^z:^....; -..-D 



— I h-^^ — I 



Furthermore, let r, j, and R, S, be any contem- 
porary Pofitions of the generating Points, and let the 
Lines X and y rcprefent the refpeilive Diftances that 
would be uniformly defcribed, in the fame time, with 
the Celerities of thofc Points at R and S, then thofe 
Lines will exprefs the Fluxions of Am and C« in this 
Pofition, {by the Definition^ Art. 2 and 5). . 

Moreover, fince C j = A r* and C S = A R* {by 
•Hypothefis)^ if Rr be d enote d by Vj we fhall have CS 
(y) = ^% and C s {=1 x—v''') i=s ** — 2xv + v\ and 
confequently S j ( rr: C S — Cs) =3 2xv — v^ ; from 
whence we gather, that, while the Point m moves over 
the Diftance v. the Point a moves over the Difiance 

2aV 
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of FLUXIONS. 

lAt;-— fl:;*. But this laft Diftance (fince the Square of 
any Quantity is known to increafe fader, in Propor- 
tipn^ than the Root) is not defcribed with an uniform 
potion (like the.former), but an accelerated one; and 
therefore is equal to, and may be taken to exprefs, the 
uniform Space that might be defcribed with the mean 
Celerity at fome intermediate Point e^ in the fanie time. 
Therefore, feeing the Diflances that might be defcribed, 
in equal times, with the uniform Celerity of m^ and 
the mean Celerity at e^ are to each other as v to 7.xv 

— ^S or as I to 2x — v^ or, laftly, as ;r to ^xx — vx^ 
(all which are in'^the fame Proportion) it \s evident, 
that, in the time the Point m would move uniformly 
over the Diftance x^ the other Point «, with its Cele- 
rity at e^ would move uniformly over the Diftance %xx 

'^vx. This being the Cafe, let r, R, and /, S, be 
now fuppofed to coincide, by the Arrival of the gene- 
rating Points at R and S, then e (being always between 
s and S) will like wife coincide with S ; and the Diftance, 

Q^xx — vx^ which might be uniformly defcribed in the 
aforefaid time, with the Velocity at ^, (now at S), will 

become barely equal to 2xx ; which (by the Defin!) is 
equal to {y)y the true Fluxion of Qn or x^ *. 

* It may, perhaps, feem inaccurate, that the Fluxions of x 
and A* are compared together, and expreffed both by Lines^ 
njohen the fio'vcing ^antities them/elves, conjidered as a Right 
Line and a Square, admit of no Compari/on.'-^—This Objeilion 
nji;Quld, indeed, be of force, n»ere the Exprejffions retrained to a 
geometrical Signification ; but here our Notions are more ab^ 
ftraded and univerfal^ not obliging us to regard luhat Kind of 
Extenfion, may he defined by this or that ExprcJJion, hut only 
the Values cf the algebraic ^antities thereby fignfied ', to 
nvhich the Menfures of till other ^antities mchatever are ulti" 
mately referred.* 'And, though Quantities of different Kinds 
ccnnot be compared 'with each other, their Meafurer, in lium- 
hers, may. ^"--^ Thus, for Inftance^ though it 'would he ifjrong 
to ofiimii thut a Square n»hofe Area is 9 Inches is- equal to a 
Li fie of 9 Inches long, yet it is no Impropriety at all to fuy the 
Numbers exprejjing their Meafures, in Inches,, arc equal, 
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7. Cafe 2. Let the Fluxion of x^ be required. 
Suppofe every Thing to remain as in the preceding 

Cafe 9 only let Cn be here equal to the Cube of Am 
(inftead of the Square). 

Then, in the very fame manner, we have Si (ssCS 

— Oizjir' — X — v^^)ziy*v — 3;ift;*-|-«;' : From whence 
it appears,' that the Diftances which might he defcribed, 
in the fame time, with the uniform Celerity of m, and 
the mean Celerity at e^ will, in this Cafe, be to each 

other as t; to y^v — 3^^^* -|- v', or as x to 3^**" — • 

2xvx-\'V'''x \ Which laft Expreffion, when j, ^, and S 

coincide (as before) will become 34^^, the true Fluxion 
of x^ required. 

8. Univerfally. Let Cn be, always^ equal to AJw^" ; 
alfo let X — vl" (or x— v raifcd to the Power whofe Ex- 

ponent is n) be reprefented hy x ^^ax v^bx v* 

— cx^^v^^ yV. and let every Thing clfe be fuppofed 
as above. 

Then, fince Sj \x — ;if — ^' ) \z:=iax v — bx^ v 

+ cx v^y ^c. it is plain that the Spaces which might 
be defcribed, in the fame time, with the uniform Ce- 
lerity of m^ and the mean Celerity at ^, will, here, be 

to each other as v to ax v — bx v ^cx v , cff, 

or as .*■ to ax x — bx vx-f- cx v Xy efr. 

Therefore, 2JI theTerms, wherein v is found, vanifli- 

ing, when 5, /, and S coincide, we have ax x for 

the required Fluxion of C«, or x'; which Fluxion, 
bccaufe the numeral Co-efficient of the fecond Term of 
a Binomial involved is known to be, univerfai/y, equal 
to the Exponent of the Power, will alfo be truly ex- 

prcflcd by nx x. Q^ E. I. 

9. If the Quantity Am (or x) be generated with an 
accelerated, or a retarded Motion, inftead of an uni- 
form 
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If 

form one, the Fluxion of x (or Cn) will come put 
exaftly the fame : 

Foi the Spaces rR and jS, aAually defcribed in the 
fame time, being always, to each other, in the Batio 



*7 



»— I • 



of 9c to ax X — hx vx^ iffc, the mean Celerities, 
at certain intermediate Points between r, R and j, S 
xnuft, alfo, be in that Ratio : Which, when v vanifhei 



^1 

r 



(as above) will become that of x to ax Xj^qi nx x) 
the vcfy fame as before* 

PROPOSITION il. 

10. Ti find, the Fluxion of the Product or Re£f angle of 

two variable ^antities. 

Conceive two Right-lines P£ and FG, perpendi- 
cular to each 

other, to move, ^ , E 

from two other 
Right - lines, 
BA and BC, 
continually pa- 
rallel to them- 
felves, and 
thereby gene- 
rate the ReS- 
angleDF. Let 
thePath of their 

Interledion, or the Loci of the Angle H, be the Line 
BHR 5 alfo let Di {x) and F/ (» be the Fluxions 
of the Sides BD [x) and BF (7), and let dm and fn^ 
parallel to DH and FH, be drawn. Therefore, be- 
caufe the Fluxion of the Space or Area BDH is truly 

exprcfled by the Redangle Dm (^^'^y * ) and that* Art. 4. 
of the Area, or Space BFH, by the Reftangle F», and 
equal Quantities have equal Fluxions, it follows that the 
Fluxion of the Redangle Ary=DF (=3:BDH-f-BFH) is 
truly exprcfled by ^i-f-;rj^. Q^ E. I. 

B4 The 




B 



D d 



C 



% 

' 7be Nature and Invejiigatton 

The fame othenvife. 

1 1. Let xy be the given ReSangle (as before) ; and 
put z=sjf-f-^, then 2* being=:4p* + 24fy-f jf*, we have 

i^*— J.r*^t/z:;ry. But the Fluxion of ^z*— ix-* 

— i">'*> (and confequently that of its Equal xy\ is zz 

— Afx — yy (by Art. 6) : Which, becaufe %^=zx+y and 

• • • mim^m^mm . . « • • • 

Z^x-i-yy is alfo equal to ;r+jrXjr-f'j' — *^ — yyssyx^xy. 
^ E. I. 



Corollary 1. 

12. Hence the Fluxion of the Produft of three va^ 
riable Quantities (yzu) may be derived : For, if *• be 
put = %u \ then yzu will become = >>*■, and its Fluxion 
ZZyx+xy (as above;) But a; being s=3 zf/, and, there- 
fore, xzzzu'\-uzy if thefe Values be fubftituted in yx 

+xyy it will becom^ y X zu+uz'\'Zuy=zyzu+ yuz-\r 
%uy the Fluxion oj yzu required. In like Manner the 
Fluxion of xyzul will appear to be xyzw^ xyzu^ 

• * • * 

\xyzu -{-xyzu^ and that of ;^zaw = fyzaw+;7ZttZ(;+ 
'j95:«tt;+ jf>z«i:^ ^xyzuw. 

Corollary 2. 

13. Hence, alfo, the Fluxion of a FraSion — may 

. u ^ ^ 

be determined. For, putting *«=*--, we hanr xz-z^lu^ 

and therefore A-z+zJf^^ « (^J tfiw;^) ; whence, by 
Tranfpofition knd Divifion, *=iL— f?='iL— !f (by 

Z Z Z Z'' 

• • 

writing ~^ for iJir) 'Zi^-^ — s which is the true Fluxi- 
-« z 

en of Xy or its Equal — , the Fraflion propcfcd. ' 

1 4.. N )W, from the foregoing Propcfitions, 2nd their 
fvibf.q cnt Ccrollaries, the following pradical Rules, 

for 
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for determining the Fluxions of algebraic Quantities^ 
are obtained. 

R U L E I. 

To find the Fluxion b\ any given Power of a vari- 
able Quantity. 

Multiply the Fluxion of the Root ly ihe Exponpit of the 
Fewer ^ and the Frodu5i by that Power of the fame Root 
whofe Exponent is lefs by Unity than the given Exponent. 

This Rule is inveftigated in Prop, i, and is nothing 

more than nx x (the Fluxion of ;ir J exprefled in 

Words. 

Hence the Fluxion of x^ is 2^*^ > ^*t of xi is 5^^^ ; 

1.7 . fi 

and that of <?+>» is yy X^+j' > ( becaufe, a being 
conftant, y is the true Fluxion of the Root a^j in this 
Cafe). 

Moreover the Fluxion of «*+%*'*, will be t^xizz, 



X fl* -|^ 2* r ^ or 2zz\/a^ 4- a* ; For here, x being put 
iHfl +z ^ wehave *• IZ2ZZ, and therefore ix*Xy the 

Fluxion of x^ (or «*+a*^ y is iz 3zzv/«*+a% as 
above). 

RULE II. 

15. To find the Fluxion of the Produft of fevlral 
variable Quantities multiplied together. 

Multiply the Fluxion of each^ by the ProduSf of the reft 
of the ^antities, and the Sum of the ProduSfs thfts ari^ 
Jing will be the Fluxion fought *. « ^^^^ j^^ 

Thus the Fluxion of xy^ is xy -^-yx 5 that of xyZy is 

xyz-^xzy \^y%x ; and that of X)zv, is xyzu'{-xyuz-\'xzuy 

RULE 
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m 

RULE * III. 

1 6. To find the Fluxion of a Frafllon. 

From thi Fluxion of the Numerator drawn into the De^ 
nominator^ fuhftraSl the Flt^.ion of the Denominator 
drawn into the Numerator ^ and divide the Remainder by 
• Art* 13. the Square of the Denominator ♦, 

Thus, the Fluxion of — isilZlfZ i that of -r-, is 

or I + ^, is gXAT+j^— x+j^xg . j^d fo ^f others. 

17. In the Examples hitherto given, each is refblved 
by its own particular Rule ; but in thofe that follow, the 
Ufe of two, and fometimes of all the three. Rules is 
requifite. . ^.^; 

ThuS' f^W^.^e I. and 2.) the Fluxion of **/ ia 

t • ,* ' t]A" . r^ V ^^ — ^^ yy 

2x yy +2JI »-; Wat of — is -j , {by Ruli 



,. and 3.) and that of -^ j^^x^yy +2y\xX^-^y:S, 



z z* 



where all the three Rules are neceffary. 

When the propofed Quantity is affefted by a Co-effi- 
cient, or conftant Multiplicator, the Fluxion found as 
above, muft be faiultiplicd by that Co-elBcient or Mul- 
tiplicator. 

Thus, the Fluxion of ^x^ is 15*"* a-. For, the Flu- 
xion of xi being ;ix*x^ that of 5*"^ which is 5 times 
as great, muft confequently be 5x3**^, or i^x*x. 

And, in the very fame Manner the Fluxion of ax will 

appear to be nax x. Moreover, the Fluxion of 

7)* 



-^TT *^i, or aXx^+y^* \ will be exprcficd by 



of FLUiCIONS. If 



irX -^ i X 2*-^+ 2)yX ^*+/' , or — 






a 



•that of v^/^+j'*! or a4^ , by ii+iXi>(y""»X 
\^ [Rule I.) ^^- '^^^ or ■ *-^ 

and that of 




^JirXJr-f-jXv — <2*» — xxy^x^ — tf** X;r+tf' . which 



ri* • .. 1 — Ti-* 



by Reduaion, is c s^^x^*-^*^ — at^xa:*— g*' xy+^ 



A" — itf 






Having explained the Manner of confidering and de« 
termining the firft Fluxions of variable or flowing Quan- 
tities« it will be proper to iay fomething, now, con- 
cerning the higher Orderi, asi^econd, Third, Fourth, 
fcfr. Fluxions. 

18. The Second Fluxion of a Quantity is the Fluxion 
§f the variable or algebraic ^antity exprejjing the Firji 
Fluxion already defined*. By the Third Fluxion iV«Art.^. 
tneant the Fluxion of the variable ^antity exprejjing the 
Second : And by the Fourth^ the Fluxion of the variable 
Sluantity exprejjing the Third Fluxion : And fo on, ^ 

Thus, for Example, let the Line AB reprefent a va- 
riable Quantity, generated by the Motion of the Point . 
B, and let the (firft) fluxion thereof (or the Space 
that might be uniformly defcribed in a given Time, with 
the Celerity of B) be always exprefled by the Diftance 

of 
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of the Point D from a given, or fixed Point C : Then, 

if the Celerity of B 
]^ be not every where 

A^ h - • the fame; the Dif- 

D tance CD, cxprcf- 

C — * fing the Meafure of 

F that Celerity, muft 

E ' alfo vary, by the 

JX Motion of D, from, 

G h or towards C, ac- 

cording as the Cele- 
rity of B is an increafing or a decreafing one : And the 
Fluxion of the Line CD, fo varying (or the Space 
(EF) that might be uniformly defcribed in the aforefaid 

fivcn Time, with the Celerity of D) is the fecond 
luxion of AB. Again, if the Motion of B be fuch 
that neither it, nor that of D, (which depends upon it) 
be equable, then EF, expreffing the Celerity of D, will 
alfo have its Fluxion GH ; which is the third Fluxion 
of AB, and the fecond Fluxion of CD. 
e And thus are the Fluxions of every other Order to be 
confidercd, being the Aleajures of the Velocities by which 
their refpeSlive flowing ^aniitieSy the Fluxions of the 
* ^x,, 2. preceding Order, are generated *. 

19. Hence it appears, that a fecond Fluxion alway? 
(hews the Rate of the Increafe, or Decreafe, of the firft 
Fluxion ; and that Third, Fourth, ^f. Fluxions, dif- 
fer in Nothing (except their Order and Notation) from 
Firft Fluxions, being adually fuch to the Quantities 
from whence they are immediately derivied ; and there- 
fore are alfo determinable, in the very fame Marnier, by 
the general Rules already delivered. 

Thus, by Rule 2, the (ftrft) Fluxicn of x^ is n^x'^x : 
And, if x be fuppofed conftant, that is, if the Root x 
be generated with an equable Celerity, the Fluxion of 
y^'x (or 3 XX*"*) again taken, by the fame Rule, will 

be 3A:x2jrx, or txx" ; which therefore is the fecond 
Fluxion of x^ : Whofe Fluxion, found in like Sort, 

will be 6*-^ the third Fluxion of at^ Further than 

which 
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5vhich we cannot go in this Cafe, becaufe (he lafl: 
Fluxion 6a:3 ;§ here a conftant Quantity. 

20. In the preceding Example the Root x is fuppofed 
to be generated with an equable Celerity : But, if the 
Celerity be an increafing or a decreafing one, then i-, 
expreffing the Meafure thereof, being variable, will alfo 
have its Fluxion ; which is ufually denoted by x : 
Whofe Fluxion, according to the fame Method of No- 
tation, is again defigned by x \ and fo on, with refped: 
to the higher Orders. 

21. Here follow a few Examples, wherein the Foot 
Xy (or y) is fuppofed to be generated with a variable 
Celerity. 

Thus, the firft Fluxion of x^ is 3**^: (or yc^v^sC^ 
And, if the Fluxion of ix'*'y.x. (confidered as a Reft- 
angle) be, again, found {Jby Rule 2.) we fhall have 
bxxy,x^7^x^y>x-==^bxx'-\'yC^x^ for the fecond Fluxion 
of x^. 

Moreover, from the Fluxion laft found we fhall 111 

like manner get 6A'X^*+6*X2^Ar+6Ari'X-**+3**Xi 
(or bx^ '\-\%xx'x ■^^yc'^'x) for the third Fluxion of a-^. 

»— X > — ... ■ 

Thus alfo, \i yzsznx x, then will 'y zZnXn-^i X 

X x^-^-nxx ; and if %"zixyy then will 2i«zz 
xy •\'y'x : And fo of others. But, hi the Solution of 
Problems, it will be convenient ta make the firft 
Fluxion of fome one of the fimple Quantities {x or y) 
invariable, not only to avoid Trouble, but that it may 
ferve as a Standard to which the variable Fluxions of the 
other Quantities, depending thereon, may be always 
referred. The Reader is alfo defired here (once for all) 
to take particular Notice, that the Fluxions of all Kinds 
and Orders^ what ever ^ are contemporaneous^ or fu<h 0S 
may he generated together^ with their refpe£live Celeri^ 
iies^ in one and the Jame Timcn 
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SECTION IL 

Of the Application of Fluxions to the Solu* 
tion of Problems de Maximis et Mi- 
nimis. 

42. TF a Qnantity, conceived to be generated by Mo-* 
X. tion, increafes, or decreafes, 'till it arrives at a 
certain Magnitude or Pofition, and then, on the con- 
trary, grows leffer or greater, and it be required to de- 
termine the faid Magnitude or Pofition, tl'e Queflion is 
called a Problem de Max'nnis ^ Minimis* 

General Iilustration. 

Let a Point m move uniformly in a Right Line, from 
A towards B, and let another Point n move after it, 
with a Velocity either increaGng, or decreafmg, but fo 
that it may, at a certain Pofition, D, become equal to 
that of the former Point /», moving uniformly. 

This being premifcd, let the Motion of n be firft 

confidered as an in-> 

I I r ' *? which Cafe the Di* 

^ ^^V fiance of n behind 

m will continually 
increafe9 *till the two Points arrive at the cotemporary 
Pofitions C and D; but afterwards it will, again, de-* 
creafe; for the Motion of «, 'till then, being flower than 
at D, it is alfo flower than that of the preceding Point 
m (by Hypothefis) but becoming quicker, afterwards, 
than that of m, the Difiance mn (as has been already 
faid) will again decreafe : And therefore is a Maximum^ 
or the greateft of all, when the Celerities of the two 
Points are equal to each other. 

But, if n arrives at D with a decreafmg Celerity ; 
then its Motion being firft fwifter, and afterwards flower, 
than that of m^ the Diftance mn v/ill firil decrcjfe and 

then 
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then increafe ; and therefore is a Minimum^ or the leaft 
of ally in the forementioned Circumftance. 

Since then the Diftance mn is a Maximum or a Mi» 
nimumj when the Velocities of m and n are equal, or 
when that Diftance increafes as h& through the Mo- 
tion of m^ as it decreafes by that of », its Fluxion at 
that Inftant is evidently equal to Nothing * . • Art. s 
Therefore, as the Motion of the Points m and n may ^^ 5- 
be conceived fuch that their Diftance mn may exprefs 
the Mcafure of any variable Quantity whatever, it fol- 
lows, that the Fluxion of any variable Quantity what- 
ever, when a Maximum or Minimum, is equal to No- * 
thing. 

EXAMPLE I. 

23. To divide a given Right-line AB into two fuch 
Parts^ AC, EC, that their Produ^^ or Re£fangfe^ 
may be the greateft pojjible. 

Put the gi- 
ven Line AB . C 

= tf, and let ^ : * ~^^ 

the Part AC, 

confidered as variable (by the Motion of C from A to- 
wards B) be denoted by x : Then BC being = a — x^ 
we have ACXBC=U7^— ^* : Whofc Fluxion ax^2xx 
being put = o, according to the prefcript, we get ax 
znzixxy and confequently x z=z \a. Therefore AC and 
BC, in the required Circumftance, are equal to each 
other : Which we alfo laiow from other Principles. 

EXAMPLE n. 

24. To find thf Fraction which Jhall exceed its Cube by 

the greateji ^antity pojpble. 

Let X denote a variable Quantity, expreffing Number 
in general ; then the Excefs of x above x"^ beings uni- 
verfally reprefentcd by x — x^^ if the Fluxion thereof be 
taken, fcff. we (hall, have x — ^^^xzz^o 5 and therefore 

A'iZl/|7 the Fraftion required. 

EX^ 
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EXAMPLE III. 

25. To determine the greateji Rectangle that can he Z^- 
fcribed in a given Triangle. 

Put the Bafe 
AC of the gi- 
venTnang!e = 
by and its Alti- 
tude BD = a ; 
and let the Al- 
titude (BS) of 
the infcribed 
Re6langle mc 
(confidered as 
variable) be de- 
noted by X : 
Then, becaufe of the parallel Lines AC, and acy it 

will be as BD {a) : AC {b) :: DS [a-^x) : """^ "" 

'=zac : Whence, the Area of the Red^angle, or tffXBS' 

•11 L ^^^ — ^^^ TX7t r T7I • bax — obxx , . 
Will be = — : Whole rluxion being 

(as before) put =0, we fliall get x-=.la. Whence the 
greateft infcribed Re£langle is that wbofc Altitude is jull 
half the Altitude of the Iriangle. 

26. It will be proper to obferve here^ that the Value 
of a Quantity, when a Maximum or MinitmiTny may. 
oftentimes be determined with more Facility by taking. 
the Fluxion of fome given Part, Multiple, or Power, 
thereof, than from the Fluxion of the Quantity itfclf. 
Thus, in the pieceding Example, uhcrc the general 

hax — hx^ b 



Expreflion is 



a 



= Jl X ax 
a 



-A \ if the conftant 



X' 



Rlultiplicator ^t- be rejidled, \ve fnall have ax- 

a 

whofe Fluxi(n (Jx — 2.^^- being put =c, we get a~i3^ 
ti c very fa mi a . ^ efo ; e. V 

The 
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The Reafon of which is obvious ; becaufe when the 
Quantity itfelf (be it of what Kind it will) is the greateft, 
or leaft poifible, any given Part, Power, or Multiple of 
it is alio the greateil or leaft poffible. 

EXAMPLE IV. 

27. Of all right angled plain Triangles having the fame 
given Hypothenufey to find that (ABC) whofe Area is 
the greatefi. 



Let AC=/7, AB=r, 
and BC z:^ y : Then, 
if^+J'* being = c*, we 

fhall have^scV^i?* — x'^y 

;iild cbnfequently -2- = 

2 




_ s/a-'—x'- = the 

^ A 

Area' of the Triangle; ^ 

whofe Square — — being, alfo^ a Maximum *, * Art. 26* 



4 4 



a'^xx 



the Fluxion thereof -— a-^;*- muft therefore 

2 

be ri O4 t Whence a* is found s= <»v^^, and ;>tAr^aa» 
{/a^—x^ ) — ^V^?. 

75&tf fame otherivije. 

Since iA;y i^ a Maximum^ and ;»;*+;'* =^'^** 'et the 

.Fluxions of both be taken, and you will have ixy-^-^yx 

=6, and 2xx-\-2yyz=zo \ from the former* of "which j? 

will be=— i— } and from the latter, it will be = — _ . 

Therefore :?^and — are equal to each other, and con- 
X y % 

fequently *=;i (tiic fame as before.) 

C EX- 
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EXAMPLE V. 

28. 0/ all right angled plane Triangles containing i 
fame given jlrea^ to find that whereof the Sum of 1 
two Legs AB+BC is the leajl fofftble. (See the pi 
ceding Figure.) 

Let one Leg, AB, be denoted by x^ and the Ai 
of the Triangle by a ; then the other Leg will be c 

noted by ^, and the Sum of the two Legs will be x 

X 

£f 9 whereof the Fluxion is x — — f ; which, put = 
X x^ 



alfo 



gives X (AB) = \^'ia : Whence BC (^) is 

V^r. Therefore the two Legs are equal to ea 
other. 



if- . 
f • 



if. 



^- 






EXAMPLE VL 

29. To determine the Dimenftons of the Uaft Ifofceles 7 
angle ACD that can circumfcribe a given Circle, 

Let the Diftai 
(OD) of the Vert 
of the Triangle iu 
the Center of the C 
cle^ be denoted by 
and let the remain! 
Part of the Perpen 
cular, which is 1 
Radius of the Circ 
be reprefented by , 
Then, if OS, perpi 
dicular to DC, be drawn, we fliall have DS=:i/;f» — \ 
and therefore, fince DS : OS :: DB : BC, we likew 




have BCi 






J which multiplied by x-^-a (B 



(:. 



y M 
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gives > ^ ^ for the Area of the Triangle : Which 
being a Minimum^ its Square muft be a Minhnuniy and 

confequently — ^^ — , or its Equal — ^ — , a Mtni- 

x^ — a* X — a 

mum alfo *. Whofe Fluxion, therefore, which is*Art. a6, 

2xXx^ * Xx — a—xXxA-a^^ , . 

-lyr; ! , being put =0, and 

X — « 

• • xXx'\'a * 

the Whole divided by -* ^^ , we alfo get '^Xx — a 

» 

— ;ic+^— 0; whence ^=2/7 : Therefore, OD being 
=20S, and the Triangles ODS and BDC equiangular, 
it is evident that DC is likewife =z:2BC=.AC ; and fo 
the Triangle ACD, when the leaft poffible, is equila- 
teral. 

EXAMPLE Vn. 

30. To determint the greatejl Cylinder^, dg^ that can be 
infcribed in a given Cone ADB. 



Let ^j=iBC, the Altitude of the Cone; 
i=rAD, the Diameter of its Bafe ; 
x'=-fg (dh) the Diameter of the Cylinder, con* 
fidered as variable ; 

(Q, 141 CO, &c.\ 
^ ^ ^^ j the Area of the Circle 

whofc Diameter is Unity. 

Then, the Areas of Circles being to one another as 
the Squares of their Diameters, we have, i* : a-* :: 
P • (P^^) ^^^ ^*"^* ^^ ^^^ Circle yi^r; Moreover, from 
the Similarity of the Triangles ABC and Adf^ we have 

ab — ax 
ib (AC) : a (BC) :: {b—lx {Ad) : df ==—^—5 

which multiplied by the Area j>x^- (t'cuncl a'jjve) eiveq 

C 2 f'ok ' 
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I 
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I 
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A^ml 



.(^... C 



A...-" 



b 
for the fol 
Content 
the Cylii 
dcr:WhM 
being 
Maximun 
its FIuxi( 
2pabxx 

h 



' b 



mi] 



2h a 

Art. »i. be =0 ♦, confequently x = ---and df:=r^: Froi 

whence it appears, that the infcribed Cylinder will I 
the greateft poi&ble, when the Altitude thereof is ju 
7' of the Altitude of the whole Cone. 

EXAMPLE Vni. 

. 31. 7i determine the Dimenjions of a cylindric Mtafm 
ABCD, open at the Top^ which Jhall contain a givi 
Quantity (of Liquor, Grain^ &c.) under the kafi h 
. ternal Superficies poffihle. 



D< 



*-... 



> r 



y^ ., 



..^■•- 



Let the Diameti 
AB=jr» and the Ah 
tudeAD=:y; moreov< 
let p (3,14159, l^c 
denote the Periphery ( 
the Circle whofe Di: 
meter is Unity, gind \k 
c oe the given Contei 
of the Cylmder. The 
it will be I : ^ :: ;^ : (px 
the Circumference of tl 
Bafe, which, multiplic 

b 



\ 

■y 

t 
t 






de Maximis &c Minimis. 

by the Altitude y, gives pxy for the concave Superficies 
of the Cylinder. In like Manner, the Area of the Bafe, 
by multiplying the (ame Expreffion into i of the Dia- 

meter *•, will be found ::=: — ■ ^ which drawn into the 

4 
px^y 
Altitude y, gives for the folid Content of the Cy- 

Under ; which being made = r, the concave Sur&ce 

pxy will be found = — , and confequently the whole 

4f px^ 

Surface = — + — : Whereof the Fluxion, which is, 
X 4 

4^^" pxx 

~"ir+"T'» ^^^"g P^' = o> we fliall get -^ic+px^ 

?=o ; and therefore a'i=2 / — : Further, becaufe px^ 

' =8^ , and px^yzzLS^c^ it follows^ that xz=.2y ; whence y 
}s alfo known, and from which it appears, that the Dia- 
meter of the Bafp muft be Juft the Double of the Alti- 
tude. 
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EXAMPLE IX. 

32. Of all Cones under the fame given Superficies (s) to 
find that (ABD) whofe Solidity is the greateji. 

Let the Semi- 
diameter of the 
Bdfe, ACz^A-jand 
the Length of the 
flant Side AB=ry ; 
and let /> (as in 
the preceding Ex- 
amples) denote the 
Periphery of the 
Circle whofe Diar 
meter is Unity. 




c? 



Then 
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Then the Cirrumfcrence of the Bafe will be ==:2/A^f 
the Area of th«. Bafc =:/>v^, and the convex Superficies 
of the Cone z=zpx)y (which lall is f.iund by multiplying 
li:i'f the I\:ri['licry cf cne Bafe by the Length of the 
flant Side) : V\'herc.^bre, fince the whole Superficies is 

s 
'zzpx'^-\'pXjZ=i5^ we have j'i=:--" — x\ whence the Alti- 

yS' 25 

*^""T5 which 

mult piled by (— ) t of the Area of the Bafc, gives 

px-^ I j^ 2j j.^^ ^j^^ j.^j.j CQ^jgn^. Qf jhc P)nc* 

3 V p^x^ p 

Which being a Maximum, its Scuaur r^ muft 

25 'XX Spsx^x 

alfo be a Aiaxmum ; and therefore —^ jj — — o\ 

whence j-^4/>^-:::;^o, and confequentlyA-zr / -*: From 

/ s s — px"^ ?/»>;- \ ^ 

which y ( —;:: x — — - — r-^^-r — = 3*v J will likfi- 

wife be k'.iown ; and from whence it will appear that 




the Ratio of 3 to J, or, (which comes to the fame) 
whtii the Squar:* cf the Altitude is to the Square of the 
whole Diameter in the Ratio of 2 to 1 , 



EX- 



de Maximls & Minimis. 
EXAMPLE X. w 

33. To determine the Pofttion of a Rigbt-line DE, which^ 
pajfing through a given Point P, jhall cut two Right- 
lines AR and AS, given' by Pojition^ in fuch fort that 
the Sum of the Segments^ AD and AE, made thereby^ 
may be the leaji pojfible. 



as 




Make PB, parallelto AS, =^, and PC, parallel to 

KRy.zzLb'y and let BDzzlx : Then, by reafon of the 

ab 
parallel Lines, it will be, x I a ''. b \ CE = — : 

X 

ab 
Therefore AD-{7AEi=i+*'-{-«+~" » ^^^ '^^ Fluxion, 

X —^, which, in the required Circumftance, being 

X 

'=^0'i we ha e x"^ — ab alfo =0, and confequently xz=i 

^^ ab ; vviience the Poiition of DE is known. But the 
fame Tiling may be otherwife determined, independent 
of Fluxions, from tiie general Solution of the Problem 
for finding the Pofition of DE, when the Sum of the 
Segments AD and AE (inftead of being a Minimum) 
Ihall be equal to a given Quantity. Of which Problem, 
the geometrical ConRrudlion may be as follows. 

C 4 Corppleat 
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Complcat the Parallelogram ABPC (as before) and, 
in RA produced, take Af=AC, and let cY be equal 
to the given Sum of the two Segments : Alfo kt two 
Semi circles be defcribcd upon Be and BF, and let AH, 
perpendicular to Br, interfc£t the former in H j like- 
wife let HK, parallel to Fr, interfcft the latter in I; 
draw ID perpendicular to Fr, and, through P and D 
draw DE ; which will be the Pofiti ^n required. For 
ABXAf being =AH^=Dr=i:BDXDF, we have BD 
: AB : : Ar (AC) : DF ; alfo, b^caufc of the parallel 
Lines, we have BD : AB :: AC : CE ; whence DF=; 
CE, and confequcntly AD+AE (AD+AC+FD) is 
equal to fF, which ConOrudtion is more neat than that 
iri/>. 155. of my Geometry, But to (hew how far this 
mi»y conduce to the Matter firft propofcd ; we are to 
obfcrve, that, as the Problem here conftruSed appears 
to be impoffible, when the Right line HK (inftead of 
cutting or touching) falls wholly below the Circle BWF, 
the load pcfiible Value of BF (and confequently of AD 
+AE) muft, therefore, be when that Right-li ne touch es 

the Circle; that is, when BD=:DI=:AH=i/ABxAC; 

which Value is the very fame with that found above; 

The fame Conclufion may alfo be deduced from the 

algebraic Solution of the forefaid Problem : For, put- 

ab • ' 
ting ^-f-A--f ^+'— (AD+AE ) = J, and folving the 

Equation, x will be found =: ib ^ ''^^*^- 



Which Equation becoming impofTible 'when -^J^ L. 

4 
— cb is = 0, we have jr, in that Circumflancc, nr 

5 — a-r-b ^^ 

— TT -^*/ab J Jiill as before. In like Manner the 

Maxima and Minima may be determined in other Cafes, 
by findi: a; the Pofition or Ciicumftance wherein the 
general ProSlem bcjiins to be impoffible, (fuppofing the 
Quantity fought to be given}. J3qt the Oj.eration by 

Fluxions 
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Fluxions is, for the general Part, much more iliort and 
expeditious. 

EXAMPLE XI. 

34, The fame being given as in the preceding Example^ to 
determine the Pojitiqn^ when the Line DE, itfelfy is 
the leaft poffible. 

Upon AF let fall the perpendicular PQ^; make BQ^ 
'T^^LC^ and, the refi, as betore : Then DP* being (=1 
DB»+BP*— 2BCLX DB) = oc^\a^—^cx, an d DB* : 
DP* :: DA* : DE% we have;r* : x^'\'a^—^cx .: h+xV 

•* XX 



'ie . <2* 



whofe Fluxion, which is 2A:X^+;»rXi — "r"^T"+ 

X X 



^ipp*X— — .^^, being put = o, and the whole 



A* ' x^ 



. Equation divided by ixY^h^x^ there will come out i — 
T""r 77 "T- ^ +. ;. X 7 zr ; whence x"^ — ^cx*'>cg:^x 



-f^-f-^Xc .— i* =10; that Is, (bv Redudion).*-^ — cx^ 
'•\-lcx — a Z=o ; From the ReLlu.ion of which £qua* 
tion> the I^firion of DE is determined. 

Lemma. 

3^. If a Ec'-n or Point [n) be fuppofed to move in a 
RiZf't-iine AB, »ri uhfolutc Cehrity^ in the DireSfion of 
that Li':.y will bn to ihe 1 elative Celerity^ whereby it tends 
to, or from, a giv^n Point C, any where out of the Line^ 
as the Dijiance C?/, ;; to the Dijiance Dw, intercepted by 
n and the PerpendicuLr C'D ; or^ as Radius to the Co- 
ftne of the Angle of In: li nation D«C. 

For, putting CD = ^, D« = x, and Qn zz y^ 
we h^ve fl*+Jf* '=■ y'^'i and confcquently ixx = ^yy * .** Art. z 

Whcnce^"^ 5. 
4 
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•Art. a 
and 5. 



Solution of Problems 



A D 




B 



Whence x : 

S " y (C«) : X 

(Dn) :: Radius: 
Co fineDffCiButy 
the Fluxions of 
Quantities are as 
the Celerities of 
their Increafe *, 
therefore the 

Truth of the Pro- 
pofition is mani- 
feft. 



Corollary. 

It follows from hence, that the relative Celerities in 
any two different Diredlions «E and ;.C, arc dire£lly as 
the Co-fines of the corrcfponding An^^lcs D«E and 
D«C. Therefore, when wE.is perpepd.c'ular to Cm, 
(and the Angle D«E therefore equal to C'^ the Celerity 
in the Diredion »E, will be to that in the DireAion 
«C, as the Sine of D«C is to its Co fine. From whence 
it appears, that the Celerities in the Directions D», Cir, 
and E/i (perpendicular to ^^C) are to each other as C/i, 
D«, and CD refpedtively. 



EXAMPLEXIL 

36. To determine the Pcfition of a Pointy from whence^ 
if three Right -lines be drawn to fo many given Points 
A, B, C, their Sum Jhall he the leaji pojfible. 

Let HPG be the Periphery of a Circle dcfcribed 
about the Point A, as a Center, at any Diftan.c AG ; 
in v/hich let the Point P be conceived to move v/ith an 
uniform Celerity, from G towards H. Therij becaufe 
the relative Celerity thereof, in the Direflion PC, is to 
thjt in the Dirediion BP produced, as the Co-fine of 
the Angle CPH to the Co-fine of the Angle BPG, (by 
the breceding Lemma) 5 and, fince thefe Ccleritits, when 

■^- the 



•ir^ 



de Maximls & Minimis, 



ar 




the Sum of CP and BP is a Minimum^ muft be equal •, • Art, % 
it follows, therefore^ andia. 

that the faid Angles 
CPH and BPG, as 
well as their Co-fines, 
will in that Circum- 
ftance become equal 
to each other 5 and 
confequently A P C 
alfo equal to APB. 
From whence it ap- 
pears, that (take AG 
what you will ) the 
Sum of the three 
Lines, AP, BP, and 
CP, cannot be the 
leaft poffible when the 
Angles APB and 
A PC arc unequal. 
And, by the fdme 

Argument, it alio appears that their Sum cannot 
b^ the leaft poffible, when the Angles BPA and 
BPC are une.,.ial ; Therefore, their Sum muft be 
the lealt p^HiJe, when all the three Angles about the 
' Point P are equal to one another ; provi..ed the Cafe 
will admit of fUch ah Llquality, or that no one of the 
Angles of the J'riangle ABC is equal to, or greater than 
i of 4 Right Angles (for othervvife, the Point P will 
fall in the obtufc Angle;) : Hence this 

Construction. 

Defcribe, upon BC, a Segment of a Circle, to con- 
tain an Angle of 120", ani let the whole Circle BCQ^ 
be compleated i and from A, to the Middle (Q^) of the 
Arch BQf^, draw AQ^ interfedting the Circumference 
of the Circle in P 5 wiiich will be the Point required. 
. For, ^he Angles BPQ, 2nd CPQ^, ftanding upon the 
equal Arches BQ^ and CQ, have their Cohiplemcnts 
Al'B and APC equal to eacii other ; and therefore, the 
Angle BPC being 1 20'' ( by ConilruSion ) each of the 

faid 
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faid Angles APB, APC, will, like wife be 120 De- 
grees. 

After the fame 
Manner, it will 
appear that the 
Sum of all the 
Lines AP, BP, 
CP, fsTr. drawn 
from any Num- 
ber of given 
Points A, ^ C, 
^c. to meet in 
another Point P, 
will be the leaft 
poffible, when the 
Co-fines ©f the Angles RPA, RPB, RPC, t^e. that 
the faid Lines make with any other Line RS, paffing 
through the Point of Concourfe, deflroy each other: 
Which will be when all the Angles APB, BPC, CPD, 
l^c, are equal, in all Cafes where the Pofition of the 
given Points will admit of fuch an Equality. But, if the 
Number of given Points be four, the required Point will 
be in the Interfcdion of the two Right-lines joining the 
oppofite Points : For, fuppofing APC and BPD to be 
continued Right-lines, the Co-fine of RPA will beequal 
and contrary to that of RPC, and that of RPB «Gpial 
and contrary to that of RPD. 




EXAMPLE XIIL 

37. If two Bodies move at the fame Time^from two given 
Places A and B, a?7d proceed uniformly fr^m thence in 
given DireSlions^ AP and BQ,, with dUritUs in a 
given Ratio ; /'/ is propofed to find their Pofition^ and 
kow far each has gone^ when they are the nearefi pof^ 
fible to each other. 

Let M and N be any two cotemporary Pofit;ons of 
the Bodies, and upon AP let fall the Perpendiculars 
NE and BD ; alfo let QB be produced to meet AP 

ia 
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A M 



E D 



in C, and let MN be drawn : Moreover, let the given 

Celerity in BQ^be to that in AP, as « to /tz, and let 

AC, BC, and CD, (which are alfo given) be denoted 

by ay hj and c refpedUvely, and make the variable Dif- 

tance CNz^x : Then, by reafon of the parallel Lines 

NE and BD, we fhall have b (CB) : x (CN) ;: c (CD) 

ex 
:CE=y, Alfo, ftecaufe the Diftances, BN and 

AM, gone over in the fame Time, arc as the Cele- 
rities, we likewife have, n : mux — b (BN) : AM 

rnx'^mb 

— , and confequently CM ( AC — AM)=<j-|- 



n 
mx 



mb mx mx mh\ 

izrf , (by writing i=«i — J. Whence 

MN» (=CM*+CN*— CMX2CE) will alfo be found 

m^x^ 



11 



=//— h*'— ^- 

n 

2c dx . Q-any^ 



mx 



n 



2CX 



■=d*— 



idmx 



+ 



+jf^— - . ■ H r'i whofe Fluxion 



2dmx 2m*xx 



n 



n' 



2cdi 



A^'f.-'X^T 



"^-ix x ' , — J-— . .-— being made =0 (becaufe MN is 

to be a Minimum) we get — bdmn-\'mHx'\'nHx — ti^cd 

mnbd'\' n^cd 
+2OT«r*'=o ; and confequently xz=l — rri — rr' i ' =^ 



ndXmb'\'nc 

bXm*4'n*+2mnc 
are alfo given. 



i from whence BN, AM, and MN 



Th 



JO 
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Thi fame otberwife. 

Beaiufe the relative Celerities of the two Bodies, at 
M and N, in the Dire£tion of the Line MN (pro-^ 

. ,. . A... CihJineM , Gj./N 

duced) are truly exprefled by ^ ,. — X/», and ^ , 

• Art. 35. ^^> refpedively * i and as thefe Celerities, when the 

Diftance MN is a Minimumy do become equal to each 

t Art. 22. ^*^'' t* '^ follows that, in this Circumftance, m i n :i 

* Co-f. N. : Co-f. M : : Secant of M : Secant of N (by 

plane Trig.) 

Whence this Conftruaion. Take CH to CB in the 
given Ratio of m to ny and draw HB j upon wbicb 



A 




M ni 



produced (if necefiary) let fall the Perpendicular AR ; 
draw RN parallel to AH, meeting CQ. in N; laftly, 
draw NM parallel to AR, and it will give the Pofition 
required. For, firft, it is plaii}, becaufe AM (RN) : 
BN (: : CH : CB) : : m : «, that M and N are coteror 
porary Pofitions : It is likewife plain, that RN and BN 
will be Secants of the Angles KNR (CMN) and KNB 
(CNM) to the Radius NK ; becaufe the Angle NKR 
(=:ARK) is a Right one. Which Lines or Secants 
are in the propofed Ratio of mton^ as has been already 
{hewn. 4 

But 



de Maxtmis & Minimis. 31 

But the fame Solution may be, yet, otherwife de- 
rived, independent of Fluxions, from Principles intirely 
geometrical. For, let m and n be any two cotempora* 
ry Poiitions at Pleafure, and let CH (as before) be to 
CB, as the Celerity in AP to that in CQ^; moreover, 
let nff parallel to AP, be drawn, meeting HB pro- 
duced in r, and let A, r be joined. Then, fincc CB : 
CH ::Bn:nr (by Jim. Triangles) and CB : CH : : Bh 
: Aw, (Ify Hyp.) it follows, that nr and Aw, (which 
are parallel} will alfo be equal to each other ; and there- 
fore Ar and mri^ likewife equal and parallel. But Ar is 
the leaft poffible when perpendicular to Hr. Whence 
the Solution is manifeft. 

EXAMPLE XIV. 

38. Let the Body M tnovi^ uniformly y from A towards 
Q^, with the Celerity w, and let another Body N pro- 
ceed from B, at the fame time^ with the Celerity «. 
Now it is propofed to find the Direction (BD) of the 
latter J fo that the Dtjlqnce MN of the two bodies^ 
when the latter arrives in the Way or Direction AQ^ 
0^ the former^ may he the greatejl poffible. 




Let BC be perpendicular to AQ^, and make AC = 
If, BC=^, and BN=:4r. Therefore, if the Pofition 
M be fuppoled cotemporary with N, we ihall have n \ 

m\x X \ AM = — 5 whence CM=: — — ^, and oon- 

n n • 

fequcntly 
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mx 



fcqucntly MN (CN— CM) z=,Vx'- — b'- — ^+«l 

whereof the Fluxion being taken, and made = o, #e 

X m mh 

cet y =-=— ; therefore jr=s . — =r, and CN 

(\/;r* — ^0= y = : Whence, «:«(:: BK : 

CN) :: Radius : Co-fine N. The fame Conclufion is 
other wife derived, thus. 

Let the Right-line BD be fuppofed to revolve about 

the Point B, as a Center, with a Motion fo regulated, 

that the intercepted Part thereof BN may increafe with 

the uniform Celerity n : Then, the Celerity with which 

•Art. 3S. nX Radius* 

CN is increafed being = . Co-ttneU * ^^ Expre£Gon, 

when MN is a Maximuniy muft, confequently, be equal 
t Art. 22. to (m) the Velocity of the other Body + M ; and there- 
fore m I nil Radius I Co-fms N, as before. 

E X A M P L E* XV. 

39. Suppojing a Ship to fail from a given Place A, in a 
given DireSlion AQ^, at the farm time that a Booty 
from another given Place B, fets cut in order (if pef-* 
fihle) to come up with her^ and fuppofmg the Rati at 
which each Veffel rum to be given ; it is required to fad 
in what Dire^ion the latter mujl proceed^ fo that^ if, 
it cannot come up with the former^ it mayy however^ 
approach it as near as pojfible. 

Let the Celerity of the Ship be to that of 'the Boat 
in the given Ratio of /« to « j alfo let D and F be the 
Places of the two Veffels when neareft poffible to each 
other, and, from the Center B, through F, fuppofethe 
Circumference of a Circle to Be defcribed. Then (the 
Diflance Df beipg the leaftpoffible), the Point F muft 
be in the Right-line (DB) joining the Point D and the 

Center 
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OentirBi be- 
caufe no other 
Point in the 
vhole Peiiphe- 
ry, at which 
the Bioat from 
B might ar- 
rive in the fame 
time» is fo near 
to D as that 
wherein the 
Xine DB inter- 
feds the faid 

Periphery.— But now» to get an Expreffion for DF, in 
algebnic Terms^ let BC be perpendicular to AQ., and 
make AC =0^ BC z=J?^ and CD =;r ; and then BD 

(\/BC*+CD0 will be ^y/F+^i moreover, be- 
caufe /»: «::AD(tf-|-jr): BF, you will haveBF=- 
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m 



and confequently^ DF=\/F+;r^ 



m 



whofe 



Fluxion, 



XX 



nx 



nb 



\/b*+i 



m 



being made := o, we find 



«.— ^ =r ; whence the Dire£lion BD is known : 

V^«* — ji» 

And, if the Value of x^ thus found, be fubftituted in 

that of DF, ( found above) we {hall have DF = 



A\/3w*— «* — na 



m 



whence the Poficion of F is known. 



And from which it is obfervable, that, as DF muft be a 
r«i/, pojiiive Quantity (by the Queftion) this Method 
of Solution can only obtain when m is greater than n^ 

and h^m*- — «%" alfo greater than na : For in all other 
Cales the Boat will be able to come up with the Ship. 

7^^ fame othenvife. ^ 

Let the Radius of the Circle EFH be conceived to ^y 
inaeafe uniformly, with the Celerity », whilft the Point* \ , 

D D moves 



/ 



34 Solution of Problem • 

D moves unirorm along AQ.9 with the Cdeiity m: 
Then, the Celerity at D, in the Diredion of BD pro«> 

mXCo'ftfie D ^ , 

duced, being = — Jiaaius — • ^ relative Celerity with 

which the Point D recedes from the Perif^ery of the 
faid variable Circle, will be univerfidly czprefled hj 

mXC^'fine D u. nir • 

— -^-T n ; which being =^ o, when UY is a 

Minimum^ we have in this Cafe mXCo-fine D:=if X.K^ 
dius^ and confequently m \ n \l Radius t CB-fineH. 
Therefore, if, at C, a right-angled Triangle CM be 
conftituted, whofe Bafe CV=ff, and its Hypotbenufe 
db^zim^ and parallel to the latter you draw BD, it will 
be the Dired^ion required : In which, if there be taken 
6F, a fourth-proportional to m, », and AD, yon will 
alfo have the Pofition required. 

EXAMPLE XVL 

40. To ditermtne the greatefi Parabola that <an befomud 
by cutting a givm Cone ACD. 




Let w, parallel to CA, be the Axis of the Parabola 
rvm^ and rm the Bafe (or Ordinate) thereof; puning 
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t>C3B«, CA=A, and Dic=Lr ; then, bednile of Ae 

bx 
parallel Liaei, it will be, a'.h'.'. x; —svv; Morev 

over, by the Property of ih? Circle, we have nT 
(=Jtti* i= DnXGi} = ax — *\ and confcqucntly t^m 

2 hx 

2V <>* — *■* ; Wfeich milhiplied l^ ~ X — (becaufe eve- 
ry Parabola Is ^ of a Parallclogniin of the laine Bafe and 



Parabola : Whofe Fluxbii, or dwt of *r' — *♦ • being • jut »^ 
|nit equal to Nodiiftg ; '*t find j« — : Wbence mr^ 
i XAC, m=CDX^i, and the Area of the greateft, 
or rwjuired. Parabola =ACXCDxi~. 



EXAMPLE XVTT, 

41. Ta dtttrmint the greattft EHipfit BTES thgt tm ht 
ftrmtd by cutting a given Ctne ABD. 



Let BE be th« 
xroter, and TS the 
lefler, Axis of the EI- 
lipTu BTES, confider- 
cd as variable by the 
Motion of (the End 
of the Trajifverfe) E, 
along the Line AD : 
moreover let £v be 
parallel to AC the Axis 
of the CoDe, meeting 
the Diameter BD in v, 
and let the Diameters 
£F and np be parallel 
to BD ; whereof the 
latter np it fu(^)a&d to 
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pafs through O the Center of the EUipfis : ThM, ^^t* 
ting AC=/2, CD=^, and Cvz^x^ we (hall have Bv= 
h+x i alfo, becaufe of* the parallel Lines we have CD 

(b) : CA (a)-:: Dv (6—x) : l^SizfsEs; whence 



Furthermore, fince the Triangles EO», EBD, and 
BQpy B£F are equiangular, and EO (=BO) =f B£» 
we likewife have 0«=f BD=*, and Op=kEF = Ou 
=x ; and confequcntly OnXOp (=:OT», ^ th Pro- 
perty of the Circle) zzJfx-, whence ST =: aV^j ^ 

/ '( — 

therefore BEXST=^lj2SL+f2^Etj<^. 

b 

Now the Area of any EllipTis being in a conftant 

Ratio to the Refiangle of its greater and le{fer Axes 

(namely as 3,141599 ^c, to 4) the laft general £x- 

prefiion muft therefore be a Maximumj when the 

Area is fo ; and therefore its Fluxion, or that of i*;^X 

b+? * + ^*A X b^ ( = ^♦a' + 2b^x^ + b^x^ 4- aH*x 

Art. 22, — 2aHx'^ ^-{^ a'^x^) equal to Nbthing *; that is, b^x 

+ /^^xx + '^b^x'^x + a'^b'^x — /^'^bxx + 3fl*A'»;r is: : 

/^bx X a^ — b'^ _ b^ 
Whence x^ — ^i^qp^P — — T* and a*. i=: 



from which the 



Ellipfis is known- 

But it is obfervable, that, when a* — 14/2*^*4.4* is 
negative, this Solution fails, becaufe the Square Root of 
a negative Quantity is to be extrafted. 1 herefore," to 
determine the Limit, put a'^ — i4/?*4*+4*=:o; then, 
by ordering the Equation, you will get ^* = ^* X 
7+-/ 48, and u=^X2+-v/3 ; and therefore « I b :\ 1 
-[-V^3 : I. Hence, if the Ratio of AC to CD be not 

4 greater 
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groiiter than that of i+v^S to r, or (which comes to 
the fame, thing) if the Angle DAC be not lefs than 15 
Degrees, the Fluxion of the Ellipfis can never become 
^q^ua) to Nothing; but tbp Ellipfis itfelf will increafe 
continually, from the Vertex till it coincides with the* 
BaUe 06 the Cone ; and therefore is greater at the Bafe 
than in any other Pofition. 

• But it is further to be obferved^ that this Problem i» 
confined to^ .yet, narrower Limits. For,, either the 
Ellipfis will increafe, continually, from theVertex, to 
the fi^e, of the Gone^ (which is fhewn tp be the Cafe 
when the Angle DAC is greater than 15^] or elfe it 
will increafe till the Point £ arrives at a certain Pofition 
H, and afterwards decreafe to another certain Pofition by 
and>then increafe again till it coincides with the Bafe of 
the Cone, (for it mufl always increafe again before it 
coincides with the Bafe, becaufe, after the Point E is 
got bel6w the Perpendicular BQ^, both the Axes of the 
Ellipfis increafe at the fame time). 
The fame thing alfo appears from the foregoing Equa- 

tion Jf= ^ — s — r— 1 i — ; whofetwa 

RoQts exprcfs the two Values of x (or Cv) at the Times 
of the Maximum (at H) and its fucceeding Minimum 
(at h). Hence it is manifeft, that the Ellipfis may ad- 
mit of a Maximum between the Vertex of the Cone 
and the Perpendicular BQ,, and yet, that Alaxi^ 
mum \}t lefs than the Bafe of the Cone, unlefs the 
forefaid Angle DAC be fo much lefs than 15° ( above 
found ) that the Increafe from h to D, be lefs than 
the Decreafe from H to A. Now therefore, to de- 
termine the exa£): Limit, let the forefaid Increment 
and Decrement be fuppofed equal to each other, or, 
^ich is the fame in EfFeft, let the Ellipfis BTESB 
= the Circle l&qDm, or BEXST= BD% that is, let 

J b^Xb+?'+a^X^=^'x^ =4**: From which 

D 3 Equa^ V. 
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J» ^^S jXy j jx^ jrf 

jEqi^on you will get tf*=;— X ' ,^x" ' *■ * 

5= — X rfr- : Moreover, from the Equatioii 

ven above) you wiU, again, get tf*= _^t,j.^^y> ' 
— - ; Whence, by popnparipg tbefc 



^ b—xXzx—b 

equal Values, there arifes =: .^ ^ ^ 

which, ordered, gives x^-^-Tix — ^^'=0, and thisr^fore 

Motwvcr, rrbeing = — J^^—P- — > '^ t*r^2bx be 
fubftituted herein for, its Equal, i^s it will beco|nt 

4+^/2X4+3^2 22+l6v^2_^^ ^^^.^ 

— 4+3v^^X4+3v^2 2 

Hence we have, i : v/77+»^ •• * (^C) • ^ C^^) 
:: Radius to the Tangent of the Angle ADC =;= 78® 3' : 
Whofe Complement DAC= J i"^ 57', is the leaft Li- 
mit poflible. Therefore, unlefs the APg'c which the 
ilant Side makes with the' Axis be lefs than 1 1^ 57^ th^ 
greateft Ellipfis will be lefs than the Bafe of the Cone» 

EXAMPLE XVIII. 

42. Of all Triangles^ having the fame given Perimeter^ 
and infcribed in the fame given Circle j to determine ikie 

I greaiejh 

Let the Diameter DA hife<a the Bafe BC of the re- 
jC||!:irca Triangle EEC in H, draw AE, AB and BD 1 
ki'.j ciiuw AF perpendiculai: to BE, and G£, parallel to 

^9| 
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D 



BC, meeting AD in G : 
Then, putting AD = a^ 
half the given Perimeter 
of the Triangle =:^, and 
DH=;r ; we have BH = 

y/ay-^"-^ and therefore 

'EFzxh^^ay-y^*. More- 
over DH (y) : AD (a) 

:: DB* : DA* :: EF* 

yS—\/ay^^^ ) : EA» 

a " .■ • 

— 7 X^ — \/ay--y 



I\ 




therefore AG I 



/AE*\ 



b — \/ay — y' 



y 



and HG=: 



b^^-^xb^ay—y*' 
(AG — AH=:) ; whence the Area of 



the Triangle BEC (BHXHG) = ^"^"^y—y" _ ^bz 

y 

\ab^y 

*\'7iyy whofe Fluxion 2by being put = o, 

y\<ay—yy 



gives y\/ay — yy'=^ \ba \ whence y^ and from thenca 
the Sides of the Triangle may be determined, 

EXAMPLE XIX. 

43. To determine the greateft Area that can he contained 

under four given Right-lines. 

Though it is demonftrable from common Geometry 
that the Area will be a Maximum:^ when the Trape- 
zium ABCD, formed by the given Lines, may be in- 
£:ribed in a Circle ^, yet I (hull here give the Solution 
ffom the Principles of Fluxions, ( whofe Uft$ I am now 



• By Prop. 13. Page 62. Elem, Trig. 
^ S^e Page 117 of £/<■«. Geometry, 

D4 



illuftrating)« 
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illuftrating)* In order to ^hich, let the Diaooiud AC 
be drawn, and upon CB and AD let fall tberfcrpcndw 
culars A£ and CF > putting AB=tf> 60=3, Cb=c, 



E 



£ 




and DF = /; 
Then A£ bemg 



• Art. 22. and its Fluxion 



and therefore 



—dyy _ 



CF=V^^, 

the Area of the 
Trapezium 
(|BC X AE + 
f ADXC F) win 



bxx 



= 0»i 



Moreover, 



fince b^+a'^+ibx (=AC*) = d^^c*—2iiy, by taking 

the Fluxion thereof, we have ihx-zz: — ^dj^ or— ^ = 

bx \ which, fubfiituted for — dy\n the foregojng Equa-* 

bxy bxx y 

tion, gives ^^^ — ^ -zzl- ^ ^.^ and 



■ ■ ; and confequently, \/^c^ — y^ ( CF ) : y 

\/^a^ — x^ 

(DF) :: \/a^—x^ (AE) : ;^ (BE) : From which it 
X appears that the Triangles DCF and ABE are fimilar^ 
and that (D+ABC being = 2 Right Angles) the Trape- 
zium may be infcribed in a Circle ; but this by the Bye, 
We are now to get an»Expreflion for the Area in known 
Terms, and in Order thereto we have ^*-{-tf*+2^x = 

dd+c^—2dy, y=^, and CF=:f^^'~''^ (becaufe AB 

: BE :: DC : DF, bV.; : Therefore, by Subftitulion, ^*-f- 

2cdx 
fi'+2bx=d''+c^- , and the Area (|BC X AE 
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4. lAIXX CF) =s lby/7^^ + — v^fl*_;^» — 
'\ra^—x^ i and therefore the Square thereof =s 



2b 



, we have --= — —r-. — -: — , i-j — = 1 + 

dd+c*—h^—a'' _ 2ab + %cd + dd'\^ c'^h'—a'^ _ 



44-^ — b — a\ , X 2ab+2cd-'dd-c^+b*+a 

, . ' ; and I— r— zz ■ ■ , ■ ■ ■■ 

2ab-{'2cd a 2ab'^2ca 



7, 




* ; and confequently, the Square of the 



2ab^2cd 



ab-f-cd\ 5+? — b — a^ b^a. — d — c\ 
Area = - X ^^i^j^^cd ^ 2ab+2cd 

d+c^ —b—^ X ^+a^ —d—c" ^. , ,, r 

=— ^ ' — ' which (becaufe 

16 ^ 

the Difference of the Squares of any two Quantities is 

equal to a Redangle under their Sum and Difference) 

d+c+l^n X d +c—b+a X b+a+d—c ^^ 
will alfo be=i' ' ■ — : — — — — — X 



if'\-a — d-^ 



^" 



= ld+kc+lb+k^--a Xld+lf+'^b+ka^ 



^rd-i-ic+ib+ia—cXld+ic+k^+^a—d. Whenci^ 
it appears^ that, if from i the Sum of all the four Sides 
each particular Side be fubfira^ted, the continual Pro* 
du£l of the Remainders will be the Square, or fecond 
Power, of the Area. 

From this Theorem, the Rule in common Pra£lice^ 
for finding the Area of a Triangle, having the threj^ 
Sides ^ven^ is deduced, as a Corollary : For^ making 

tf=0. 



^a Sdktfon ^ Pnilems 

tfsnOy the Trapezium becomes a Triangle, and the ie- 

<*ond Power of its Area=sf i+|r+f ^ Xid+lc+H—t 

}^id+lc+{l^-^Xid^lc+ii^: Which, inWords, 
ia the common Rule. 

E X A M P L E XX. 
44* To fiid the gnaUfi Valm cf yimtbe Equation a^x^^s. 

By putting the whole Equat ion int g Fluxiong> &r. 

we have 2<i*iJr*=:2jrir+2jo?X3XJ?+5^* ; which in the 
# j^^ 2ft* required Circumftance, when j^=:o *, becomes 2/7^jrx 

i=6;r*X?+7^*i whence ;r*+/=-7- , and x*+;p»l ' 

«• -^ ■ ..I 

^— ^ : But, by the given Equauon x^-^f-^ = a^x* \ 

confequentty a^x*- = ^JT/j* *"^ therefore * =: 
i7"3^ whence,* (^=:_.-.,*J:=_- , ^ 

Tl)e fame otberwife. 

Since ^?jHP^ is given = tf*^% we have ;r*-fj^*:=; 
ii^X*^^, and therefore y*:=:fl"^Xx^ — x* i whofe Fluxion, 

^^X;^"^ir — aA-x, being put =0, we alio get -^ — — ^ 

«^ 

^♦Xa— » «♦ 

=jf; whofe Cube is ' — =ijfS or ^— -=*3 . 






whence 27Af*3=tf*, and confcquenlly x^^v r^ 

the fame as before, 

45. When 
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45. When, in the general Expreffion, whore Maxi^^ 
fttum or Minimum is fought, there are two or more in- 
deterpiinate Quantities, independent of each other, their 
refpc^ive Values, in the required Circumftance, will 
be determined, by making them flow^ one by one, while 
the others are fuppofed invariable s as in the following 

EXAMPLE XXI. 

fVherein it is propofed to find thnp Juch Values of Jr, jr» 
a nd%^ a s jhall make the Value of b^—x^ X **a— x» 
XAy-;y* theffreateft pojfihle. 

Firft, confidering y as variable, and the reft conftant, 
we have xy — 2yy =0 * ; whence y = f jr, and xy — y'^ :=- ♦ Art. %%i 
-Jat*. By making z variable, we have **« — 3z*« = o j 

X 7,x^ 

whejticc z =="7' > and x*z — z' = ~T"- Now let thcfc 
Values of xy — y^ and x^z-r-z^ be fubftituted in the given 

f) xpreffion, and it will become —X ZTTzX b^ — x^ ;^ 
b^x^—x^ 



. , I therefore 5 *5x*x — %xTx:ziOi Whence 4r=i 
fiX/s, y{=lx) =ibx}s. ^d z (=-^^)=f*X 

The Reafon of thie foregoing Proceft is obvious : 
For, if the Fluxion of the given Expreilion, when any 
one of the indeterminate Quantities is pade variable, be 
not ecjual to Nothing, that Expreffion may become 
greater, without altering the Values of the reft, which 
are confidered as conftant f : And therefore cannot bcx^^^^^^ 
the greateft poiSble^i unlcfs the faid Fiiixioi} 19 equal to 
Wothjn|. 

ex- 
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EXAMPLE XXm 

46. To determine the different Values of Xy when fiat of 
3** — 28^x3+84^*** — 96tf5x+48^* becomes aMzxi* 
mum or Minimum. 

The Fluxion of the given Expreffion being (as ufual) 
put equal to Nothing, we have S2x^ — i/^ax^-^ibia^x 
-^96^2=0, ox x^ — 7^ijf*+i4ii** — %a^^zOi From 
whence (by the Method of Divifors) we get jp— ^^=0, 
X — 2^r=o, or X — 4^7=0 : Therefore, the Roots of the 
Equation, or the three Values of x, are a^ 2aj and 

• Scholium. 

47. It appears, from the lad Example, thata Quan-* 
tity may admit of as many Maxima and Minima (ac- 

• Art. 22. cording to the Meaning of the Definition*) as there 

are poflible Roots in the Equation, arifing from a(^ 
fuming its Fluxion equal to Nothing. Now to know 
which of thofe Routs point out a Maximum^ and which 
a Minimum ; find whether the Value of the faid Fluxion^ 
a little before it becomes equal to Nothings, be pofitiva 
or negative ; if pofttive^ the fuccecding Root gives a 
Maximum ; but if negative ^ a Minimum : The Reafo9 
of which is extremely obvious ; becaufe fo long as any 
Quantity increafes, its Fluxion is pofitive, but when it 
decreafes the Fluxion is negative. 
' As an Example hereof, let the Quantity 't^x^ — 2%ax^ 

+84«*Af* — 96^?^Ap+48^S be again refumed ; whofe 

Fluxion is i ixXx^ — 7^ a?*+ i 4^ V — ia^zz^i 2xXx — aX 

X — laXx — 3^: Whereof the Value, before it becomes 
equal to Nothing, the firft time (or before ^^^==^) being 
negative (becaufe the Produ£l of three negative Factors 
'' is negative) its firft Root (a) therefore indicates a if//- 

tiimum : Whence we may conclude, without confidcr- 
ing farther, that the fccond Root {2a) gives a Maxi* 
mumy and the third (4^?) another Minimum. Bur, if 

you 
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you woiikl-know whether the (irft or third Root gives 
the leiler Value of the two ; it is but fubftituting in the 
given Quantity, which will come out 48^* — 37^> *nd 
48^-— ^4ir* refpec^ively ; therefore the latter is the Icf- 

-fer., and the very leaft Value the propofed Expreffioa 
can admit of. 

When all the Roots prove Impoffible, the Quantity 
propped (as its Fluxion can never become =0} muft 

. either, increafe, ordecrealb} cominually; and therefore 

..can neither admit of a Maximum mr a Minimum* 

Moreover, it may fo happen, that the Roots are pof- 
iible, the Fluxion =0, and yeft the Quantity itfelf be 
neither a Maximum nor a Minimum in that Circum** 
fiance. 

For let us, again, fuppofe the Point n to move after 
my as in the general Illuftration, (vid. Art. 22.} only 
let the Velocity of n (in the firjl Cafe) increafe no 
longer than 'till it arrives at D ; after which let it again 
decreafe: Then, though the Fluxion of the Diftance 
mn is Nothing, at the Pofition CD, yet the Diilance 
itfelf will not be a Maximum ; becaufe n (having after- 
wards, as well as before, a lefs Velocity than m) will 
ftill continue to lofe ground. — In the fame manner the 
Mattel may be explained with regard to a Minimum. 
And it is evident, that thefe Cafes will always happen 
when the Fluxion of the given Quantity is of the fame 
Denomination (with regard to poiitive and negative) 

•both before and aifter^ it becomes equal to Nothing : 
Which, by the Rules of common Algebra, is known 
to be when the Equation admits of an even Number of 
equal Roots. — An Example hereof, however, may not 

• be improper. 

Let then the Quantity propofed be 24^'^ — « 30/?*^* 
'\'lbax'^ — 3^^; whofe Fluxion is 2^a^x — boa'^xx-^' 



J^iax^x—i2x^x = 1 2xXa—xXa—xX 2a— x : Which 
being made =0, it appears that the two leaft Roots are 
equal. Therefore there is neither a Maximum nor Mi^ 
nimum when x=La (becaufe whether x be taken a little 
Itis^ or a little greater, than tf, the Value of the-Fluxion 

will 
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win ftill be affirmatife.) The greaieft Boolf Ymm^mti 
not being aflFedcd with anoiber equal one, indicaces a 
Maximum^ according to the Rule above preicribied. 

To render what has been obferved above ftill nioie 
confpicuous, let the given Expreffion, 24aSjir— jotf^jr* 
-{-ibax^ — 3x^9 be reprefented by the variable (>dinate 
PQ^of the Curve AQMNR, whofe AbfiaOa AP is (at 
ufual) denoted by x. ^^^ _^ 

Then, whilft {ixxX a—x X 



X TM—x) the 
Fluxion of the Ordinate continues pofitive, (or 'till ;r 
becomes =«== AB) the Ordinate itfelf will incieafe : 
But at the Pofition BM it becomes ftationary (if I may 
be allowed the Expreffion) the Fluxion bein£'Tl|pi:=o. 
After which, the Fluxion being again affirmative, the 
Ordinate will again increafe, till x becomes = 2tf (= 
AC) ; when) the Fluxion becoming Nothing) (a fe* 




cond time,) and afterwards negative, ON will be a 
Maximum : Soon after which the Curve defcends be-» 
low its Axis, and continues to recede from it in in* 
finitum* 

Another Thing there is that ought to be regarded in 
the Solution of thefe Kinds of Problems, and that b^ 
. whether the Maxima or Minima^ found by aflumilig 
the Fluxion =10, fall within the Limits prefcribed by 
the Nature of the Queftion^ or Figure ; which is often 
reftraincd by Conditions that do not enter into the al-^ 
gcbraic Computation. 

Thus, for Example ; fuppofe it were required to find 
that Point (F) in a given Ellipfis ABHD which, of alt 

others. 
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odiers. Is tbe «K»ft remofe from the Extreme B of the 
conjugate Axis BD. 

Then, drawing 
JE parallel to the 
Tranfverfe AH, and 
putting AH a=4i, BD 
=:^, and BE=jr, we 
have» by the Property 
of the Curve BF» 
<=:BE*+EF*) X* 

a* 

^bx^-^^XTTi from 

whence x is found rr 

■ ^ ,i . But, from the Nature of the Figure, the 

greateft Value that x (=B£) can poffibly admit of is 
I(=BD), therefore if the Relation of a and b be fuch, 

that ^ .^ is greater than J, this Solution is manifeftly 

impoffible. — — - To determine the Limit, therefore, 

fit** 
make ^a y% ^=^h'y then it will be found that 2i*=tf*. 

Whence the foregoing Solution can only obtain when 
. aBD* is equal to, or lefi than AH*. 

Again, it ought to be alfo coniidered whether the 
Value of ^, found by the conmion Method, gives a lefs 
Quantity for the Maximum^ and a greater for the Mini- 
mum^ than will arife from the Extremes themfelves by 
which X is limited. 

Thus, let it be 
required to deter- 
mine the greateft 
and leaft Ordinatea 
in a Curve, APR, 
i^hofe Equation is 

j^^% and whofe 
greateft Abfcifla 
AD is given equal ^ 
2tf. 



47 




48 



Sobttimqf ProMem 



Here we fliilU hf taking the 
'^a : The former of which 

3 



III, or 



fix, hate 

VCBtfaeCQI* 



vf. 



rcfponding Ordinate BP=wV ;j^5 and the latter, C<^ 

= a : But the &ft of thefe is not the graateft of all 
others, becaufe the Extreme DR exceeds it, being :s 
2/7 ; nor is CQ^ the leaft pofible^ becaufe the Ordunte 
at the other Extreme A is nothing at alL 

Sometimes one, or more, of the Points Q,, S, &ir. 
determining the Maxima and ACnimaj will tiXL below 
the Axis AF, (as in the aamxal Kgnn). In wbidi 
Cafe the corre^nding Value of the general ExpieffioD, 
reprefented by the Ordinate, will be negative : But at 
the Points i^ Cy i, ^c. where the Curve interfi^ the 




Axis, It will be equal to Nothing : Whence (by the 
Bye) the Reafon why the Roots of an Equation (jt 
"{'b^x . . . .-f-^ =o) are impoffible by Pairs 



«— I 



-ax 



is evident. For, feeing A^, Af , Arf, A^, ^c. are the 
Roots of that Equation, or the different Values of x^ 



n-^i 



«— z 



when the . Ordina,te a — ax + ^^^ "f"? 

(MN) becomes equal to Nothing, it is plain, if PA, 

expreffing thejgiven Term f , be increafed to Ptf, fo 
that AF (then coinciding with af) may touch the Curve 
in S, the adjacent Roob Ad and A^ will then become 

e<}uali 
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tqual ; and if q be farther increafed, fo that the Aitis 
may fall wholly below the Curve, not only thofe two, 
but alfo the other Roots, Ai and Ac^ will become im- 
poffible. 

Various other Obfervations might be made, relating 
to the Limits of Equations, determined by thcfe Maxi- 
ma and Minima ; but this being foreign to the Matter 
in hand, I (hall content myfelf with one kemark more. 

Any Expreffiony which being put equal to Nothings ad^ 
mits of two or more equal Roots^ has as many /iit^ 
ceeding Orders of Fluxions equal to Nothings at the 
fame time^ as are expreffed by the Number of thofe Roots 
minus one. 

Thiis, ah Equation, having three equal Roots, ha^ 
both its firft and fecond Fluxions equal to Nothing", 
wh.en the Fluent itfelf is equal to ^Tothing. 

Hence we have another Way ( befides that given 
above) to know when a Quantity may have its Fluxion 
equal to Nothing, and yet neither admit of a Maximum 
nor a Minimum: For, fmce this Cirtumftahce. always 
takes place when the Equation admits of an even Num- 
ber of e^ual Roots ( as has been already (hewn) the 
Number of Orders of Fluxions, equal to Nothing, 
at the fame time (including the Firfl) muft alfo be 
even. 

Hence, alfo, we have an eafy Method for difcovering 
when fdme of the Roots of an Equation are equal | 
and, if fo, what they are. 

Thus, let x"^ — *3fl;ip* + 4a^ == O be propounded; 
whereof the Fluxion y^x — 6axx being aflurned equal 
to- Nothing, we find xrz2a ; which will alfo.be a Root 
of the given Equation, if it admits of two equal ones : 
To try it, therefore, I fubftitute in ioi Xy and find it 
anfwers. 

Again, let Sa-* — zSax^-^ iia^x*-{'2ja^x-^2';a'^z=:o -, 
whereof the firft and fecond Fluxions being ^ix^x — 
24ax^x -}- 36^*xx -f" 2ja^x and (jtx'^x^ — ibSaxx^ -f" 
36fl*i% if the latter of them be aflurned =0, x will 

E be ' 
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>%. 



be found =^±^ -^zzy, or — : Oneofwhid I 
Quantities, if the Equation propofed admits of three r 



equal Roots, will be the Value of each of them : By 

3f 
2 



trying — , it will be found to fucceed. Whence, by 1 



28« y 

well known Rule, the fourth Root (being — -g — 

X3 = — a) is alfo given. 

The Reafon of thefe Operations^ as well as what is 
aflerted above, may be thus demonftrated. 

Ut 7^ XT^ iifc. X A+Bx+CV bfc. =0, 
be any Equation, having two or more equal Roots, re- 
prefcnted, each, by r : Put jf=r — Xj and let the Num- 
ber of the equal Roots be denoted by n ; then, by Sub- 

ftitution, we have/ X A+BXr^+CXr^* bfc. 
=0; which, by expanding the Powers of r — y, and 
putting az^A+Br+Cr"- ^c. ^=S+2Cr+3Dr» iic. 

will be further transformed to y Xa — by^^y^ — ^y^ ^^« 
=0: Whofe Fluxion nayy — n-^-i . byy +«4-2 . 

cyy iffc, is evidently equal to Nothing, when y, or 
its Equal r — x^ is Nothing (provided n be greater than 
Unity). It is equally plain, that the fecond Fluxion 

— — — * «— -2 — — a S—rZ — — •-.... % f 

n.n—l.tfyy — n+i.nbyy +»-f-2.«+I • ^> J' 

faff, will alfo be equal to Nothing, in the fame Cir- 
cumftance, if n be greater than 2, bfc, tfc. 

Hence, univerfally, let the Number («) of equal 
Roots be what it will, that of the Orders of Fluxions 
equal to Nothing, at the fame time, will be exprei&d 
by that Number minus one, as was to be fhewn. 



SECT. 



[ 51 ] 

t 

SECTION III. 

^e TJfe £/' Fluxions in drawing tangents 

to Curves. 

Illustration. • 

48. T JET ACG be a Curve of any kind, and C 
I J the given Point from whence the Tangent is 
to be drawn. 




F Jv m w in Q 



Conceive a Right-line mg to be carried along uni^ 
formly, parallel to itfelf, from A towards Q^, and let, 
at the iame time, a Point p fo move in that Line, 
as to defcribe, or trace out, the given Curve ACG : 
Alfo let mm% or C» (equal and parallel to mm) exprefs 
the Fluxion of Am, or the Celerity wherewith the Line 
mg is carried ; and let »S exprefs the correfponding 
Fluxion of mp^ in- the Pofition mQg^ or the Celerity of 
the Point p^ in the Line mg. Moreover, through the 
Point C let the Right-line SF be drawn, meeting the 
Axi> of the Curve (AQ^) in F. 
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Now, it is evident, if the Motion of ^, along the 
Line mg^ was to become equable at C, the Point p 
would be at S, when the Line itfelf had acquired the 
Pofition n&g (becaufe, by Hypothefis, C» and nS ex- 
prefs the Diftances that might be defcribed by the two 
uniform Motions in the (ame time). 

And, if wsg be aflumed to reprefent any other Pofi- 
tion of that Line, and s the contemporary Pofition of 
the Point p ( ftill fuppofing an equable Celerity of p) ; 
then the Diftances Cv and w, gone over, in the (aiae 
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rru 



time, by the two Motions, will, always, be to each 
other as the Celerities, or as C^ to nS: Therefore, 
fince Qv\ vi W Qn\ n^ (which is a known Property 
of fimilar Triangles) the Point s will, always, fall in 
the Right-line FCS : Whence it appears, that, if the. 
Motion of the Point p along the Line mg was to become 
uniform at C, that Point would then move in the Ri^t- 
line CS, inftead of the Curve-line CG. 

Now, feeing the Motion of ^, in the Defcription of 
Curves, muft, either, be an accelerated or a retarded 
one, let it be, firft, confidered as an accelerated one: 
In which Cafe the Arch CG will fall, wholly^ above 
the Right-line CD (as in Fig. i.) becaufe the Diftance 

•f 
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of the Point p frqni the Axis AQ^, at the End of any 
given Time^ is greater than it would be if the Accelera- 
tion was to ceafe at C ; and, if the Acceleration had 
€eafed at C, the Point p would ( it is proved ) have 
been always found in the faid Right-line FS. 

But if the Motion of the Point ^ be a retarded one, 
it will appear, by reafoning in the fame manner, that 
the Arch CG will fall wholly below the Right-line CD 
(as in Fig. 2.) 

This being the Cafe, let the Line mgy and the Point 
p^ along that Line, be now fuppofed to move back 
again, towards A and m, in the fame manner they pro- 
ceeded from thence : Then, fmce the Celerity of p 
(Fig. I.) did before increafe, it mud now, on the con- 
trary, decreafe ; and, therefore, as py at the End of a 
given Time, after repaffing the Point C, is not fo near 
to AQ^, as it would l^ave been, had the Velocity con- 
tinued the fame as at C, the Arch C^ (as well as CG) 
muft fall wholly above the Right-line FCD. And, by 
the fame Method of arguing, the Arch CA, in the fe- 
cond Cafgy will fall, wholly^ below FCD : Therefo c 
FCD, in both Cafesy is a Tangent to the Curve at the 
Poipt C : Whence, the Triangles F/»C and CwS beirg 
fimilar, it appears, that the Sub^tangent m¥ is alwa} s 
a Fourth- proportional to (nS) the Fluxion of the ordi- 
nate (C;ij, the Fluxion of thp Abfciila, and the Ordi- 
nate (Ow). 

■ 

Otberwife^ 

49. Let ACG reprefent the propofcd Curve, and let 
the Right-line FCD be a Tangent to it, at^any Point 
C, meeting the Axis AQ^ (produced if neccffary) in 
F : Suppofe a Pointy to move along the Curve, from A 
towards G,- and let the abfolute Celerity thereof at C, 
in the Diredtion of tbe Tangent CD, or the Fluxion of 
the Line A^ fo generated *, be denoted , by CS, any • ^rt a 
Part of the faid Tangent : Then, if AH, mp and «Sand 5, 
be made perpendicular, and \pn parallel, to AQ^, the 
relative Celerities of that Poinc, in the Diredioiis Cn 
ind /wC, wherewith Ip (=Aw) and mp increafe in this 

E 3 Pofition^ 
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• Art, 35, Pofition, will be truly exprefled by Cn and «S • : But 
the Celerities by which Quantities increafe are as the 
Fluxions of thofe Quanuties : Therefore ( CS be- 
ing the Fluxioa 
of the Curve- Iin« 
Ap) Cn and «S 
are the corre* 
fpondingFluxions 
of the Abfcifia 
Am and the Or- 
dinate mp: And 
we have Sn : nC 
:: JwC : iTiF, tht 
fame as befon. 

Hencey if die 
Abfcifla Am be 
put zzLx, and the 
Ordinate wf =jr|, 

wc{hallhave»iF=-r- : By means of which general Ex- 

preffion, and the Equation expreffing the Relation' be* 
tween x ai^i y^ the Ratio of the Fluxions x and j^ will be 
found, and from thence the Length of the Sub-tangent 
(mF) as in the following Examples. 

EXAMPLE! 

50. To draw a Right-line CT, to touch a given Cirete 
BCA, in a given Point "C. 

Let CS be perpendicular to the Diameter AB, and 

put AB = tf t 
BS = jr andSC 
==y: Then, by 
the Property of 
the Circle, r» 
(CS*) = BS) <: 

P&{—xXa—x) 




ax 



whereof 



in drawing Tangents, ^^ 

whereof the Fluxion being taken, in order to determine 
the Ratio of x and j?, we get 2yy = ax — 2xx ; confc- 

X 2y y 

quently j=:;^:;3^^— rj^; which, multiplied hy y^ 

yx y'^ 
gives — = I = the Sub- tangent ST ♦. Whence « Art. 41 



( O being fuppofed the Center) we have OS (la — x) : 
CS (y) :: CS (y) : ST ; which we alfo know from 
other Principles. 



and 49« 



EXAMPLE II. 

5 1. 7i draw a Tangent to any given Point C of the co^ 

nical Parabola ACG. 

If the Lotus ReSfum of the Curve be denoted by a^ 
the Ordinate MC by y^ and its correfponding AbfcifTa 




M r/t 



AM by X ; then the known Equation, expreffing the 
Relation of x and y^ being ax =>*, we have, in this 

X 2y yx-^ f Art. 4S 

Cafe, axz=:iyy\ whence t — — , and confequently -:— and 49. 

y a J 

2y* *x.ax 
:zi — z: — =2*c=MF. Therefore the Sub-tangent 

is juft the double of its correfpondinfii; Abfclflk AM : 
Which We likewife know from other Principles. 



E4 
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^ ' EXAMPLE ni. 

. 52. 7i draw a Tangent to a Parabola of any kind. 

The general Equation of thefc fort of Curves bcinj ' 



« X => ) we have na x xzzzm-^nXy jr, 

and therefore -r- = —21 Z j whence "^ = 



y nr »— i « 

-^ na X "^ 



fli4-« — ii — . o" « 



mA-nXy m-f-nXa x ,. ^ »+« « i»\ 
— 1-- — =: (becaulc V :=za x J zz. 

na X na X ' 

Xx =: the true Value of the Subtangcnt : Whiph, 

therefore, is to the At)fci(Ia, in the ponflsint Ratio pf 
m-^-n to n, 

EXAMPLE IV. 

53. 7i draw a Tangent RT, tq a given PointK^ in a 

given EUipfts BRA. 

If RS be an 

Ordinate to the 

^ principal Axis 

AB, and there 

be put (as ufual) 

B S A BS=;.,RS=j^, 

AB=±:/7, and the 
Icfler Axis =f ; wfe'ftall, by the Property of the Curve, 
have a^ : b"- \> ak^x^^B^Xh?>) : >^ (RS^), a nd there- . 
fore b^Xax — x^ziza^y'^ : Whience b^Xax — 2xxz=z2a^yy^ 

X ma^y 

jipd -7-1= ' . ■ -r- ; and confequenUv the Sub-tan^^ent 

y b'-Xa—Zx ^ ^ 

. ♦ Art. 49. oy fy^" \ *_- ^^y _- ^y -_, ^^x^:^^=^ 
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" ^ ^ Whence the Point T being given, through 

which the Tangent muft pafs, the Tangent it felf may 
be drawn. 

But if you would derive an Expreffion for the Sub- 
tangent> in any other kind of Ellipfis (befides the coni- 

cal) let the Equations? — ^ Xap =1= — Xy , exhibi- 
ting the Nature of all Kinds of Ellipfis, be affum- 
ed : Then, by taking the Fluxion thereof, you will 

have — mx X « — x X x -f- tixx X a — x^ 

:= — X m+n X y v* ; and therefore — — 



a X m+n X y 



»4- * 



Pl-r-lv^ « " — I 



rr-m ^ a — x^ X x + nx X a — x^ 

OT+wXS—-*^ X^ ,, - r 

(becaule — X 



OTX X«— -^ +»•* Xil Jrl 



fnJ^n m ^^ n\ m+n X a — X X X 

f = A — Ai X X ) =: — : — == 

^—mx+nXa — x 



—III — 5 which is the Sub-tangent required. 

na — n+mXx 



EXAMPLE V. 

i 

54. 7i draw a Tangent^ to any given Point R, in a giv/^n 

Hyperbola BRA. 

-I 

If a and c be put to denote the two principal Dia- 
meters of the Hyperbola, the Equation of the Curve 

^ill |)e c^Xax+x'^z^a'^y^ : From whence we have ^*X 

ax^ 



A 



I 
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^x+TJCx = 2tf»vx, .*. — = — ^ 




y c-X\a'\'X ' 



1 y" 

ly — 
J' 



and confcquent- 



T B 



S 



Whence BT (ST— 
known ; and there- 



fore the Point T being given the Tangent RT may be 
drawn. 

The Manner of drawing Tangents to all Sorts of 
Hyperbola's, untverfally^ will be the fame as in the EI- 
lipfes, the Equations of the two Kinds of Curves dif- 
fering in Nothing but their Signs. 

EXAMPLE VI. 
55. Let the propofid Curve be that whefe Equation is 

Then we (hall have 2/7A-je-f-y*J«'+2'*!yi+3*'*^'"^ 3y!y 

X 

=ro; therefore 2fl'*';J'+>*A:4- 3^*^ = 3yly—2>p, -r-n: 

•Art. 48 ^ ^^—^^ y J f »i y^_ V—i^'y '' , 

and 49 ;7.+Ff 3^' ^"'^ confequendy j - ^^^^.^^ . 



EX- 



■■- it;- 
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EXAMPLE Vn. 

56. Let the given Curve Be the Ctjfoid of Diocles, wbofe 

Equation is f- = -^^ . 



. 2x^iXa—x+xx^ Sflx^x'-^-ix^x 
Here wc have 7yyz=i ^ = ' ^ • 



a — X 



x 2y\a — X 



Whence— =— J — — •, and confequently the Sub- 

^ j» 

J) - zax^—%x^ - ^:=7^2ax-^2x^^ 

EXAMPLE VIIL 

57« Lit the Conchoid of Nicomedes be propofed ; where* 
of the Nature is fuch, thatj if froi^ a A'oint B, called 




the Pole, any Number of Right-h'ncs, BA, BR, 
BR, (Acm ht drawn, the Parts of thofe Lines CA, 
<^R, UR, fie. mtercepred by the Curve and its Axi9 
CT, (ball be, ally equal to each otbtr. 

In 



« 
t 



6o ^he XJfe of Fluxions 

In this Cafe (fuppofing AB and RS perpendicular, 
and RH parallel, to CT ; and putting BC =tf, Rv 
(AC) =:^, CS=2:*^, and RS=y; we hnt^ per Jim. 

Triang. a+y (BH) : x (RH) :: y (RS) : ^ = Si;: 
But Sv (v/Rv*— RS* ) is alfo =\/F^ ; therefore 



xy 



.— V^*»— ^», or ;ry = a+^ X ^*— / U the 

general Equation of the Curve ; which, in Fluxions, 



gives 2x^yy'{'2y^xx=z?yXa+yXb^'-'y* — 2yjiXa+y^ =5 



X 



Oy X a'\'y X h^ — ay — 2y^ \ and therefore -r = 
^+J' X lP-—ay — 2y^ — x'^y yx 

= 1 , confcquenily — = 

« - 

tf + >' ^ V X ^* — ^>' — 2;'* — A-'v* 

fi -\-yXy Xb''—ay—2y'^—a- \-y^*Xl>''~y* 

yX^y^^^7F=i^ (becaufe.^ 

yX/hh-^yy 

—ah*—y'^ 
= — : Which being a negative Quantiiy, the 

Tangent will therefore fall on the contrary Side of the 

Ordinate horn the Vertex; and fo, by changing the 

abb+yi ^ 
Signs we (hall have — -r for the Sub-tangent 

yVbb^yy 

ST in this Cafe. 

After the Manner of thefe Examples the Sub-tangent, 
in Curves whofe Abfciffas are Right-lines, may be de- 
termined : But if the Abfcifia, or Line terminating the 
Ordinate', on the lower Part, be another Curve, thea 
the Tangent may be drawn as in th^ following 

EX- 
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EXAMPLE IX. 

58. Let the Curve BRF be a Cycleid; whofe 
Abfcifia is here fuppofed to be the Semicircle BPA, to 
which let the Tangent FT be drawn (as above). More- 
over let rRH be a Tangent to the Cycloid, at the cor- 




t 

rcfponding Point R, and let GR^ be parallel to TPv ; 
putting the Arch (or Abfcifia) BP=z, its Ordinate 
PR=y, AF=*, and BPA=r ; Then, by the Proper- 
ty of the Curve, we Ihall have c (BPA) : ^ (AF) :: z 

(BP) : y (PR) : Therefore^ =y, and jl =:y z= n: 
But, by fimilar Triangles, n (y) iKe (= Pv =«:) : : 
PR fy; : PH =^ = z (becaiifey=~j. There- 
fore, if in the Right-line PT, there be taken PH equal 
to the Arch PB, you will have a Point H, through 
which the Tangent of the Cycloid mufl pafs. 

EXAMPLE X. 

59. Let BPi& be a Curve of any Kind, to which the 
Method of drawing the Tangent i^P^ is known ; let 

BRi 



■- '.,•' 



I . 
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BRi& be;uiother Curve of fuch a Nature, that thfi Or* 
dioate PR (y) (hall always be a Mcan-pfoportiodlJ be- 




tween BS (.v) and AS (j — x) fuppofmg RPS perpendi- 

Art. 48 cuUr lo AB : Put P^ z=z x, SP =zvy oc -zzfu *, and ir 

and 49. ^y . Then,- (a^ above) er (y) : Re { —7c z=i 

V^x •-+">) ::RP (y) : PII = r-^— : Bat, by 

the E'.|uaclon of tne^Vrve j-:=:jjf — xx'^ whence 2j^i=: 
^.<— 2A.V, Hid .-::i~^ r, and therefore PH = 

J1-I1j:.\.;1i:JLIL1-: Which will be exprefled inde- 

ax — 'ixx 
pendent ef Fluxions, when the Property of th^ Curve 
Why or the Relation of x and v is given: Thus, let 
BP/^ be the coininon Parabola, and AB its Lotus Rec^ 

4 turn I 
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turn ; then v being = \^axy 'u will be = 



ax 



ax 



axx xxVC^AX'^'a 

i*+v»=;c*H = i and therefore PH 

4jf ^ 



)= 



a — xX\//^^-^ax 



(2ax — 2xxX V^?^Hp«y* 
ax»-7'2xx / a — 2x 

Thus far relates to Curves whofe Ordinates are pa- 
rallel to each other : We come now to Curves of the 
fpiral Kind, whofe Ordinates all iflue from a Point : 
Such as the Spiral BAG, whofe Ordinates CB, CA, 
CG, are all referred to the Point C, called the Center 
of the Spiral* 

Illustration. 

60. Let SAN be 
a Tangent to the 
Spiral at any Point A, 
alfo let CT be per- 
pendicular thereto, 
and let the Arch CB A 
(contidered as variable 
by the Motion of A 
towards G) be de- 
noted by z, and the 
Ordinate CAbyjr. 

Then x :j ,: AC 

VV* ^ ^V^ ^ ♦ Art $ 

0;:AT = ^^. ^ ^ and 35, 

Hence, if upon CA, as a Diameter, a Semi-circle be 
defcribed, and in it, from A, a Right-line AT equal 

to^ be infcribed, that Right line will be a Tangent 

X * 

to the Spiral at the Point A* 

E X A M P L E I. 

61 • Let the Nature of the Curve CBA be fuch 
that the Arch CBA m;*y be, always, to its cor- 

refponding 




I 
.• I 
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rer];k)nding Ordinate CA in a conftant Ratio ; namely 
zsatob: Then, becaufe z t jf :: ^ : ^, we have z =: 

^y ' -.^^ J r •! AT- A^ ^— *^ — * ^ 

T-, « =T-, and confequentlj AT I "^ J — — — — X 

AC : Therefore, AC and AT being in a conftant Ra- 
tio, the Angle CAT muft alfo be invariabte. Whith it 
a known Property of the logarithmic Spiral. 

EXAMPLE n. 

62. Let fiAA be the Spiral of Jrcbimedes ; whoft 
Nature is fuch that the Part EA of the generating Or- 
dinate, intercepted by the Spiral and a Circle BED de- 
fer i bed about the fame Center C, is always in a confbuit 
Ratio to the correfponding Arch BE of that Circle. 




Suppofe Ai perpendicular to AC, fcTr. 

Put BC=:r, CAi=:;', and let the given Ratio of AE 
to BE, be that of ^ to r ; Then b : c :: y—c (AE) : 
cy-^-cc cy 

— T — =BE ;■ whofe Fluxion therefore is = t". Now 

if 



in Curves of contrary Flexure- 6^$ 

if the Right-line CEAtf be fuppofed to revolve about 
the Center C, the angular Celerity of the generating 
Point A, in the perpendicular Direftion A», will be to 
that of E a^ AC to EC j therefoire as the latter of thcfc 

ry ♦ . ♦ Art. 5; 

Celcritfcs is "exprefled by "y-, the former will be ex- 

prefled by ^ ^ T'j or y : Which is to (j!/ the Celerity 

y 

of A, in the DIreftion Aj, as t to Unity, or as y to 

«. Therefore CT aiod AT are in the fame Ratio, (by 
Art 35) and tortfequently AC : CT ::\/yy+bh: 
y ; and AC : AT : : \/yy+Tb : b \ whence CT and 

>*- h 

AT are given equal to ■ . . "'■ -, and ' ■ . r re- 

^fyy-^bh \^yy*\'bb 

j^eSively^ From either of which (the Tangent AT 
may be drawn by Art» 60. And, irt the fame manrier 
may the Pofition of the Tangent of any other Spiral 
be determined. 



SECTION IV. 

Of the Ufe of Fluxions in determining the 
Points of RetrogreJJion^ or cofitrary Flexure 
in Curves. 

63. T T THEN a Curve ARS is, in one Part AVL 
V V concave, and in the other Part RS con- 
vex, towards its Axis AC, the Point R limitirg the 
two Parts is called a Point of Retrogreflion, or con- 
trary Flexure. The manner of determining which wilt 
appear from the following 



i .. 



ill. 



USTRA- 
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A. B 



I L. LUSTRATION. 

Suppofe a Right-line BD to, be carried along uni* 
formly, parallel toitfelf, from A towards C}"'and let 

the Point r fo 
move in that 
Line, at the fame 
time, as to trace 
out, or defcribe, 
the given Curve- 
line ARS. 

Then (hy Art. 

48.) while the 

* Celerity of the 

Point r, in the 

Line B D, de- 

creafes, theCurve 

will be concave 

to its Axis AC ; 

but when it in- 

creafeS) convex to 

the fame : Therefore, as any Quantity is a Minhi\u}n at 

-the End of its Decreafe and the Beginning of its In- 

22 creafe *, it fallows that the faid Celerity, at the Point 

<r liiHex.on R, nib It be a Minimum: Whence, i'" the 

Fluxion of thtOsJiri.ite J^r, expreffing th:^t Cclciit) -f-, 

be (^s ufnal ; dv-iiottd by^; then v.*. II y (the J'.i.\'ion 

of y) be eon 1 ■■ 'N..>tlimjr in that Cirnii; -liaic: .; 

bo far ijia.cs to Curvcj which arc, in the: J jmer 
Fart concave, aiiJ in fhe latter convex, to fiit:i Axes: 
But if" (on tjjc contrary) the Celeri«^v of r f.il^ iiicrrafes, 
anj then 'lecjcalts, that Celerity, at ti.*.- :-equii?xj Point, 
■»^«NVi.n tic Inc'cai* and Decreafcs w'll be 'i Maxi" 
i.iiwi ^ a!i(J thf rc^oif its Fluxion (or yj ib //to' -yi equal to 
it \xx, 2t. i\ctning in this Cafe §. 

f urthcrmore, if CS (perpendicular to AC ) be now 
confide red as an Axi^ . and the Abfciffa i>« (or its 
Complement Br riiyj be fuppofed to flow uniformly » 
(ub fiW ■»»::, fup^»ofcd beiore) ; then, bv the fame Argu- 
ment, the ftcciid Fluxion (— •i',^ oi the ordiHatc nr 

(or 



• An 



-.it 



3* 



rt. 22 
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f6r its Complement AB =:Ar) will be equal to Nothing. 
Hence it is evident that, at the Point of contrary Flex- 
ure, the fecond Fluxion of the Ordinate will become 
equal to Nothing, if the Abfciila be made to flow uni- 
formly ; and vice verja. 

E X A MP LEI. 

64. Let the Nature of the Curve ARS (fee the pn- 

3 JL 

ceMng Figure) be defined by the Equation ayzna^x^^ 
XX (the Abfcifia AB and the Ordinate Sr being, as 
ufual, reprefented by x and y refpeftively). Then y^ 
cxpreffing the Celerity of the Point r, in the Line BD, 

H X X ^" ^xx 

will be equal to 2^ -L : Whofe Fluxion, or 

a 

. that of la^x *+2.v (becaufe a and x are conftant) 

muft be equal to Nothing * ; that is, —fah'^h-i-ix * ^^' ^^' 

=0 : Whence a^x ^=;8, a^zzzix'^^ 6^^=:a^y and 

x=faz=iAB I therefcre BR (=Ll!±ff J = ^ ^ : 
From which the Pofition of the Point R is given, 

EXAMPLE ir. 

65. Let the Nature of the propofed Curve be defined 
by the Equation c-'vv - ^'^ — x^zzio. 

Then, by taking i-'- iini: and fecond Fluxions thereof 
(fuppoHng a: conrtar "' .vc {1»-II .liib iuv^ ^ryy^acix — 
3X-A- =0, and .?^j?*--- ^-^^ify -^M^-.^ r=0 ; vv.lercor tri2 
latter, whenjJ L» =0, biicomts yMy—tx::^ =6, and 

therefore ^*==2 — . jj.j*-^ j-.j, ^;;nz tornierj rni — —f^ — *, 






v/i)cr.ce ^ zz. — ^=-^-4-— , and c::r.'':c'jcn:.y iZ'^'f 

F2 



J. 
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^=^*+3'^*' ; but, by the given Equation, i2tfry* = 

1 2i2*Af *+ 1 24fS therefore 1 2^i*;r*+ 1 2;^ = «*+3'*"*' % 
or 3Ar* 4" 6<i*** — fl* =: o : Whence x will be found = 

I 

Since «;*=: fl*jf4"'*"'j we have y = ' » and 

therefore y = — -. : Whofe 

Fluxion, or that of ^*+3'^* Xtf*3?+^ * ( becaufe 
X is conftant) being put =: o, we get exXa^x-^-x^ * 
+a^+2x^ X —f «*—!*•» X a^x+xi » * = c, or 6;r X 



^*+3** 



tf*A^+;e3-|-tfX-|-3;ir»x : Whence ^x^+ba^x'' 

— tf* = o, and X = ^v^ : ^^ — i, the fame as be- 
fore. 

EXAMPLE III. 

66. Let the propofed Curve be the Conchoid of M- 
cmedesy whereof the Equation is **j* = ^+>' * X 

a+y X b'-^y^ 



Art. 57. **-—;>* *, or x^ = 



^* 



Here 



in Curves of contrary Flexure. 69 



Here we have xx = — — . 



— yyX ^T?'' X ^'— r g+> X ab^+y\ ._, 

— — <i — y Xy : Whence, making y inva- 



y y 



riaWc, we alfo have x^+xx = --; H -3 ^^y} 

■ — -.— ^^— 

Which, becaufe a? is =0*, will be ^*="^ "^")f^"^ *^'^' ^'* 
^ J* :::; 3f — +2g y—f' ^ ^^^ ^^^ ^^^^^ ^^ ^j^^ 

former Equation, xxz:z — -5 Xj', welike- 



; 



wife get -Y* =— ^^-^^ 1 Xj'*, and confequently 

3^1*^^+ ^ai/ '~f^' X .v^> ' =1: ^r r ? ' X ah"" +y^ * : But. by 
the Equation of the Cuive aV^ is = J+7*X^^— ^'^ ; 
therefore ^a'b^+iaJ'-y-'y'X 77? ^ xT-^'-= '^ ^ 

XJ^M^S and 3tf^^^+2^.^>-^xi;^^J^==^^'47^*; 

whence /*" + 4^;'^+3<^*y* — -^''^''j' — 2^7*Z>* = o ; which 
divided by ^+^v, gives y^ -|- 3^;^* — 2^^* =: o ; from 
whence y may oe d;:terinined. But if. ^=^7, the £qua-« 
tion will become more limple by dividing again by 
y-\'a'y in which Cafe we get y^-\'2ay — 2fl* = 0, an4 
confequently y^.ai/'^' 



EXAMPLE IV^ 

67. Let «^y= » ioa^x'^ — i ioa^x'^-\'^oax^ — 3;^'. 
Then will a*y = '^^boa^xx — '^'^oa^x^X'\-i2Qax^X' 

F 3 And 



J: 



^ - - - 
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And a*y =36o^73x» — 660fl*AfAr*-|-360J4f*Ar*— r60Jf»i\ 
• Art. 63, Therefore, 6a^ — 1 la^x + 6ax^ — x^ = o * : 

Which being divifiMe by any one of the three Quan- 
tities a — X, 2a — x^ of y — x, the Root x muft there- 
fore have three Values, a, la, and 3^1, and confe- 
quently the Curve, defined by the given Equation, as 
many Points of contrary Flexure. 

But, if you would know whether the Part of the 

Curve lying between any two adjacent Points, thus 

. found, be convex or concave towards the Axis ; fee 

• . whether the Value of the Expreffion for the fecond 

Fluxion of the Ordinate, between the two corrcfpond" 

ing Roots, be poficive or negative : For, in the former 

f Art. 5 Cafe, the Curve* is convex, and in the latter concave +, 

«Qd4S. (provided the who !e Cur \e lies on the fame Side the 

Axis). Thus, in the Example before us ; becaufe the 

.fecond Fluxion of the Ordinate is always as 6a^ — I max 

-^baxx — x^ (^=^ — ivX 2a— X x^a-'X ) and it appears 
th..t the Value of this Expreilion, while x is lefi than 
the tirft Root a, will be pofitive ; the Curve, there- 
fore, at the Beginning, will be convex to its Axis : 
But when x becomes greater than a^ the faid Exprcffion 
being negative, the Curve will then be concave , and fo 
continue 'till x is equal to the fecond Root 2a , after 
whicli the Fluxion again becoming affirmative, the 
Curve will accoicjingly be convex till xziz^a', beyond 
which Limit the Curvature continually tends the fame 
VV^av. 

But it will be proper to obfervc, that there are Cafes 
wliere the fecond Fluxion of the Ordinate may become 
'equal to Nothing, without either changing irs Value 
uom pofuive to negative, or the contrary, (fimilar to 
c-'i: fc u'r ;.u)y taken Notice of in Se/^. II. p. 45 and 46.) 
whic.i CuA.*: always happen when the Equation admits of 
an even Number of equal Roots : And then the Point 
found as above is not a Point of Inflexion, becaufe the 
Cyrvatiire on cither Side of it tends the fame Way. 



SECT. 



•• 
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SECTION V. 

the Ufe of Fluxions in determining the Radii 
of Curvature^ and the Evolutes of Curjes. 

68. A Curve ^OH is faid toTbe the Evolute of ano- 
jr\^ ther Curve ARB, when it is of fuch a Na- 
ture, that a Thread ROH, coinciding therewith (or 
wrapped upon the fame) being unwound or difengaged 
from it, by a Power adting at the End R, {hall, by 
that End (the Thread continuing tight) defcribe the 
given Curve ARB. 

Illustration. 

From the Point O, where the Right-line RO (called 
the Radius of Curvature) touches the Involute pOH^ 



/ / 



C". 




let the Sc:ni-c:'c!e cs7. ;'} be defer ibed ; which Semi- 
circle, having the fame Radius with the given Curve, 
at R, will coniequcntly have the fame Degree of Cur- 
vature. But the Curvature in two Curves is the 

fame, when, the Fluxions of their Abfciflas being the 
iamc, both the Firft, and Second Fluxions of their 

F 4 cor» 
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correfponding Ordinates Kn and Rm are refpefiivelf 
equal to each other: For, the Firft Fluxions being^ 
equaU the twp Curve^ will have, at the comnion Point 

♦ Art. 4S. R, one and the fame Tangent /RA • : And, if the Sc- . 
cond Fluxions be like wife equal, the Curvatyre, or 
Defledion from that l^angent, will alfo be the fame in 
both \ becaufc thefe lad exprefs th^ Increafe or Decreafe 

t Art. 19. of Motion in the Direflion of the Ordinate +, upon 

J. Art. 48. wliich the Curvature intirely depends J. 

l^his being premifed, let the Abfcifla Sm of the Semi- 
circle (confi Jered as variable) be put =!<;, its Ordinate 
Km-z=.v^ RriLiii;, rhz^L'u, and Rh=zz : Then, Rb be- 

Art.48. ing a Tangent to the Circle at R ||, the Triangles RAr 
and RQ//2 will be equiangular, and therefore 'w (Rrji : 

z (RA) :: V {Km) : RO = — ; which,- becaufe the 
Radius of every Circle is a conftant Q^iaotity, muft be 

invaiiaLlc, and confcciui-r.t'y its Fiuxion =:i o : 

Whence ^^ is found =— ^:^ — rr (becaufc, ib* being 
conftant, apd w* + '^* ^^ «*> we have, in Fruxiuns, 

2iU'=:22:«, ard fo =: • -r ). Therefore fince v i5=s 

— ^ — t / 

J" 

—r-,we alfo get SO=:RO( - )-= — rzrzz- -- —:' 

Which laft is a general Expreflion f^r the Ra i '»^ « ^any 
Crcle, wliatever, in Terms of the riuxioji - i.i- Ab- 
fcHl'i {w) Tiid Ordinate (v). But, by nh-.c ;s p:eir,ifed 
r.bove, tneic i^l'jxions are refpcflivcJv etjujl ('. ;! -ic of 
i\w ASfciffii An (x) and Ordinate R>2 (yj of hh* pro- 
poied Curve ARB. Therefore, l>v writing x. y^ and >, 

inflcad of w, 'i^, and 'i), we have — - - { ::::;--! 1 

lor the genera! Value of the Radius of d.rvaiurej RO. 

7&* 



and the Evolufe of Curves. 
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The fame otherwife. 

If the Radius of the Circle be put = R, and ever7 
Thing clfe be fuppofed as above j then (by the Property 
of the Circle we (hall have v* (R»z*) = zRw — w^ 
(S/wXDw) : Whence, in Fluxions (making ^v conftant) 
we get 2VV = 2R*w — 2«;iv, and 2'i'*+2t"v =^ — riv* : 

From the J aft of which Equations v is found = ^ " 



i' 



/vz\ 



= — r-; and confequently RO I -r- J = — :— r = — r-, 
/A^ yi?w^ as before* 

m 

Otberwije without the Circle. 

Let RO and rO be two Rays perpendicular to the 
Curve, indefinitely near to each others and from their 
Interfeftion O, let OF be drawn parallel to A«, cut- 
ting R« and AF (parallel to R«) in E and F. 

Therefore, fuppofiqg RE=:i;, Aw=**, R«=:^, i^c. 
(as before) we fhall have, by fimi ar IViatigles, as RP 



.-•••u 




Ty 



(x) :PqO)::RE{v) : EO = --5 and confequently 



X 



JO (A«+EO) = ;r + ^- : Which Value (as well as 

that 
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that of AF) continuing the fame whether we regard the 
Radius RO, or the Radius rO, its Fluxion muft there- 

*^J'"f"^ X A T VjJe 

fore be equal to Nothing ; that is, jJr-f" 



** 



=0 ; whence v =: -77 — rr , and confeqtiently RO 

-r 7 = "T7 — rr"=i tt — rr = tt ". : Whicht if x 

X ^ yx — xy yx — xy yx-^^xy ' 



i} 



is fuppofed conftant, or at =r o, will becomlc — r:, a% 
above. 

But ifj^ be fuppofed condant, it will be tt. And^ 

yx 
%y 

if « be conftant, it will then be -r : For, fince *'*+i* 
=3*, by taking the Fluxion thereof, we have ix'x + 

• •• 

XX r\r>^ f 

2jfy =0 ; whence jf = r ; and therefore RO (:= 

rrr. — r.. ) = r7r-"=:=== =-^7, as hefore. 

yx—xy) . **Ar j*+;c^XAf * -^ 

Now from the feveral Values of the Radius of Cur- 
vature RO, found above, the correfponding Values of 
he and ^ will like wife be given. 

Thus, if X be made conftant ; then, RO being =r 

^3-7, we fliall have he (A«+0;w=A«+ -^X RO)'= 
A-+^— , andK5 (Rw— R»=:-7-X RO— R«)= — r 

But, if ^ be made conftant, then, RO being =-^:, 

yx 



z* iz*' 



we fliall have AE = a- +— , and ^0 =-t7 — -y. 

' A' yx '' 



X-:aftly» 



and the Evolute of Carves. 

Laftly, if % be fuppofed conftant; then RO. being 
: — , yffi (hall have A^ =: X'\-'ry and ^O = — 



7S 




Which feveral Expreffions will ferve as fo many ge- 
nci*al Theorems for determining the Quantity of Cur- 
vature, and the Evolutes of given Curves : But, before 
v^c i^roceed to Examples, it will be proper to obferve, 
that the Right-line A^, denoting the Radius of Curva- 
ture at the Vertex A (to be found by making x^ or yy 
=o) muft always be fubftra3ed from RO and A^, to 
have the true Length of the Arch ^O, and its cor- 
I'efponding AbfcilTa pe, 

EXAMPLE I. 

69. Let the given Curve ARB be the common Parabola, 

whofe Equation is;^ = a^x^ : Then will>' z=z\a^xx * 
I 

d^x L —2. 

— — j-5 and (making a conftant) jf = — IXla^x^x * 

2x^ 

= i— :Whence ^{\^x+j') =- J — 7^ » 

and 
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and the Radius of Curvature RO f-^J rplill— : 

Which at the Vertex A, where 4r=o, will be =|a =: 

Ap. Moreover Ae {x + j^r: 1 = |^+3^» and therc^ 
fore^^ {Ae — A^) = 3;^, the Abfcifla of the E volute: 

Llkewife Oe [ — -r-^) = — the Ordinate of the 

Evolute. Therefore, Op*X« being in a conftant Ratio 

to^S namely as 16 to 27, the Curve is, in this 
Cafe, the Semi-cubical Parabola:. Whofc Arch pQ 

(KO—Ap) is alfo given = \.-^ — U. 

* 
E X A M P L E II. 

70. Let the Curve ARB denote a Parabola of any 
other Kind : Then, becaufe y:=zax is an Equation to 
all Kipds of Parabolas, we have ji = nax x znA'y =: 



n X n—i Xax x^ \ Therefore « (\/^M^) = 



%n^'^ 



i+«^.^. , RO (— ) = -^^3^ _ _ 



•^->'^ -«X«-jX^/ ' 

, a* — I 



A. (.+>if:) =._f±i!:f!f — , o. f-^-y) 



2« 2 , , . 2ff 1 



I -f- in — I X na'^x w*rt*o 

— — ', and ApziL — 



n — 2 ' * 71"— •! 



^7* 



— n — lyinax 

Which, if «=|, will become = --- ; but, if n be 

greater than J, it will be = i and, if » be Icfs than, f, 

. . it 

2 
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. it will be infinite : Whence it appears, that the Radius 
of Curvature at the Vertex will be a finite Quantity in 
Curves whofe firft (or leaft) Ordinates are in the Sub- 
duplicate Ratio of their AbfciflaSi and in all other Cafes, 
either Nothing, or Infinite. 

EXAMPLE m. 

71. Suppofe the given Curve to be an EUipfis ; wbofc 
Equation (putting a and c for the two principal Dia- 
meters) is a^y^ =z c^Xax — x\ 

Here, by taking the Firft and Second Fluxions of the 

given Equation, we have la^^yy = c'^x X a — ix^ and 
2tf*^* 4" lai^yy = c*Ar X — 2x = — ic^'x*- \ whence j =2 

c^xXa — ^x /i*v*+r*i* 

^„t , and — -Jf=:-^ — ' : Which, by fub- 

la y ' -^ a^y ' ■' 

ftituting the Values of *y and y, will become y = 

cxXa — %x d^c^x^Xa — 7.x^^ 

Q.a\/ax—x'- ' "" ^^Xax-^xx X ao/ax—x^ 

, cx^ _ cx^ a^xx\ -^-^Xax—x^ cax^ 
-1 : — — -/v == — , " = ■ r : 

as/^ax^"- « j^Xax^'X^ax^ 4Xtf*-**^"* 

Therefore i {%^7W) = J f!l!ii^S+ x- 

/^^Xax — x"^ 

^ LJC£±£^^^S., and the Radius of 
%a ax — x'^ 

Curvature(^)= ^^^ '^ : Which 

ivhen the Diameters a and c are equal, or the Ellipfis 
degenerates to a Circle, will be every where equal to 



4? V* ^ * 



2aU 



, or ^tf s agreeable to the Definition of a Circle. 



z£ 



'\ 
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EXAMPLE tV. 

^2* Tpfindtbe Radius of Curvature^ and the Evolute §/ 

the common Cycloid. 

Let ARB be the given Curve^ and AOH its Evolute i 
alfo let Kb and OS be parallel to AC, and eO znd Bjii 




perpendicular to AC ; and put ARB (iraBC) == a^ 
AR=z, An=x, and Rn=y : Then BR=ui^a, B* 
= ia — y ; an d, by the Property of the Curve, «* 

(AB*) : S=3* ( BR* ) :: f^ ( BC ) : la—y ( BA ) 



liFbence y = 



2az — 2' 
2a 



'y therefore ^=1 



ax — ZK 



«* — ••» 



2az — z* Xz* z\/2az — z* ^,,. 

(x*) = ^^^ , and xz=: '. Whence 



a' 



a 



(making % conftant) x = -: — ^ — : ; from which 



^\/2az — z' 



We 



and the Evolute of Curvesi jg 



«*\ , • Art, 68. 



wc get K.O, or AO (='^) =\/2fl»— »*, and ^, 



X 

7.az — z* 



or AS I := -r^^) = ■■ ; which, when %z=ia^ 

or ROH coincides with BH, become AOH (BH) =^, 
and CH (AG) =f J. Hence, becaufe it appears that, 

Ai?"(«*) : AO* (2tfz — z*) ::AG (1^) : AS 

(2az •— z* \ 
— J it follows that the Evolute AOH is alfo a 

Cjcloid equal, and fimilar, to the Involute ARB. 

If the Evolute had been given, or fuppofed, a Cy- 
cloid, and the Involute required, the Procefe would have 
been, more fmiple, as follows. 

Let AH (2AG) =^, AO (= RO) = z, AS —x^ 
SO=;^, BR=z;, BA=tt;, Rr=:ar, "Sjzz:^^ feV. Then 
it will be t, fArt. 48;|- 



nuk 



J : i, (:: Om I OR) :: R/ ('w) I Rr = -r- 

zv 
i ly ::z (RO) ! O/w = -^, 



« : ;c :: z (RO) : Rot = — , 



z;t' 



Whence we have o^ = -r- , R« (R/tj — AS) =—- a-, 

and A« (OS — Om) z=:y — -r ; which ExprefEons an- 

fwer to any Curve whatever. 

But, in the Cafe above propofed, AH* {a^) : AO* 

_ • z* zi 

(z*) :: AG (1^7) : AS {x); therefore a- = —, ^ = — , 

and ^ ("v «* — X* J = ; and confequently R;^. 

(z;r z* z* z* 
— — ;r)= r-=T: =f^ — w (or CB — BaS): 

Whence 



8o 



•Art.5« 
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Whence alfo w = , and 'v ( -^ Jr: — ^ 



^•k; 



: Therefore it will beo' t w (:: n : x/zaw) 



:: \/|tf : v/ii; ; that is, as Rr : R/ :: \/BC : \/BFi 
Which is a known Property of the Cycloid. 

Hitherto regard has been had to Curves where the 
Ordinates are parallel to each other : But when the Or- 
dinates are all referred to a given Point, as in Spirals^ 
&c, other Theorems will become neceffiu'y 3 and may 
be thus derived. 

73. Let ARB be the propofcd Curve j P the Pointy 
or Center, to which its Ordinates are referred, NOL 

the Evolutci 
T^ J>^ T> and RO the 

^ -^^ ^ Ray of Cur- 

vature at R: 
Moreover, let 
PH be perpen- 
dicular to RO; 
and, fuppofing 
the Ordinate 
. PR (y) to be- 
come variable 
by the Motion 
of the Point 
R along the 
Curve, let the 
FllixionsofAR 
and PH (p)i 
cxprefSng the 
Celerities of 
the Points R 
and H in Di- 
reftions per- 
pendicular to 
RO *, be de- 




noted by » and / rcfpeflively* 



Thcteforc, 



^nd the Evolufe of Ourvef. 8 1 

•^Therefore, the Celerities, of any two Point?,^ in a 
|(^ht-Itne revolving about a Center, being as the Dil- 
tanccs from that Center, it follows that p : z :: OH : 
OR ; whence by Divifion (putting RH z=:v) We have 

i-/ li'.'.v (RH) : RO =z=-f=-J^Ipf' B"'/^ 

vyy 
^^yy (h -^^'* 60.) and therefore RO = — TZTTT* 

which, becaufej'* — p^ is =«?* (and therefore ^^ — pp^=^ 

The fame otherwtfe. 

JLtt SRD be a Circle defcribed about the Point Oj 
as a Center,, and fuppofe the Diftance PR to be variable 
by the Motion 

of the Point R -n ^-n:::::^ 

along the Arch ^ Iv "*^" " 

of the Circle 

{ inftead of the 

Curve) : Theni 

drawing OP, 

and putting OR 

=r,PR=;,esfr, 

^s before, we 

fliall get , OP* 

{bR* + PR*— 2OR X RH) = r^+f^2rv 5 which 

{as well as r) being a conftant Quantity, its Fluxion 

^y) — 2r^ muft be equal to nothing ; and therefore r = 

_ • • 

-r j the very fame as above. Nor is it of any Con- 

fequeiice whether jf and if be here looked upon as refpeft- 
ing the Circle, or the Curvie ; fmce, at R, they muft be 
the fame in both Cafes ; cthierwife the Curvature could 
not be the fame *. Now from the Value of R O thus ♦ Art. 68. 
found, which (correfted, when neceflary) will alfo ex- 
prefs the Length of the Arch NO of the Evolute J, t Ait. 6S. 
the Ordinate PO and the Tangent OH of the Evolutfe 

Cj may 




Sz Of the Radii of Curvafun, 

m 

may be eafily deduced. For OH (RO-RH) =4^ 

- 1; = 4^, and PO (=>/OH»+PH-)=^yf 
whence the Nature of the Evohite is known^ 

E X A M P L E I. 

74. Let the given Curve AR be the logarithmid 
Spiral, whofe Nature is fuch, that the Angle PRQ^ (or 
RPH) which the Ordinate makes with the Curve is 
every where the fame. 

Tlien (denoting the Sine of that Angle by by and 

the Radius of the Tables by a) we have RH (v) =:— 

Ay\ ayy ay 
and therrfore RO I "^ ) =^"ir ^^T » which being 

to PR (y) in the conftant Ratio of ^ to t, or of PR to 
RH, the Triangles ROP and RPH muft therefore be 
fihiilar, and fo the An^e POH, which the Ordinate 
PO makes with the Evolute, being every where equal 
to PRQ; will likewife be invariable. Whence it ap- 
pears that the Evdute is alfo a logarithmic Spiral, 
fimibr to the Involute ; and that a Right-line drawn 
from the Center, perpendicular to the Ordinate, of any 
logarithmic Spiral, will pais thro* the Centre of Cur* 
vature* 

EXAMPLE n. 

75. L-t the Curve propofed be the Spiral of Archimedes ; 

by y?- 

where we have p = —7==, and v = — . . 

>/y^+b- \/y^ + b^ 



{(^ 4rt. 62.) Therefore <i;:=z2yyX y^^+b^ ^^J^yyX 



4to^ the Bookfe of Ctwvei. $3 

"7 — = ■ 3 ~ ; whence the Radius of 

♦ Curvature 4 is hcte = pr^ 5 which being = J?, Art. 73. 
When jcEDj the Arch of the E volute f, reckoned from Ait. 68, 

i 

the Vertex, is therefore = ^-^t - -• 

After the very (aihe Manner you may proceed in otlie^ 
Cafes : But if the Value of v . (or "51 j changes, in any 

Cafe, from Pofftive to Kegative-, the Radius of Cur- 
vature (RO) after becoming infinite^ will fall on the 
other Side of the Tangent, and the correfponding Point 
of the Curve, when ^=2:0, will be a Point of Contrary-^ 
Fiexure, Whence it may be obfcrved that the Point 
of Inflexion, in a Curve whofe Ordinates are referred 
to a Center, may be found by making the Fluxion of 
the Perpendicular, drawn from the Center to the Tan- 
gent, equal to Nothing, which Cafe is not taken Notice 
of in the preceding Sedion. 
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SECTION VI. ^ 

Of the inverfe Methd^ or the Manner ofde- 
termihing tbi Fluents of given Fluxions. 

76. TN the Inverfe Method^ which teaches the Man* 
I ner of finding the refpedive flowing Quanti- 
ties of given Fluxions, there will be nogreat Difficulty 
in conceiving the Reafons* if what is already delivered 
in SeSf. i. on the dire£f Method^ has been duty con-* 
fidered : Though the Difficulties that occur in this Party 
upon another Account, are indeed vaftly fuperior. 

It is an eafy Matter, or not impoffible at moft, to 
find the Fluxion of any flowing Quantity whatever ; 
but in the Inverfe Method the Cafe is quite diffisrent : 
For, as there na no Method for deducing the Fluent 
from the Fluxion a priori^ by a direA Invefligation, fo 
it is impoffible to lay down Rules for any other Forms 
of Fluxions, than thofe particular ones which we know, 
from the dire£t Method, belong to fuch and fuch kinds of 
flowing Quantities. Thus, for Example, theFluent of ajiri* 
is known to be ;r% becaufe it is found in Art. 6. aiid 14. 
that 2XX is the Fluxion of x"^ : But the Fluent of yx is 
unknown, fince no Expreffion has been difcovered that 
produces jjAT for its Fluxion. 

77. Now, as the principal Rule in the direct Method 
is that for the Fluxions of Powers, derived in Art. 8. 

(where it Is proved that the Fluxion of x^ is, univeT' 

fallyy expreffed by nx^^^x) ; fo the moft general 
Rule, that can be given in the Inverfe Method^ m\ift 
t?e that arifing from the convcrfe thereof j which fhews 
how to affign the Fluent of any Power of a variable 
^lantity draiun into the Fluxion of the Root 'y and which, 
exprefled in Words, will be as follows. 

Divide by the Fluxion of the Root, add Unity to fbf 
Exponent of the Power^ a?ul divide by the Exponent fo 
irxvcafcd. 

For, 
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For, dividing the Fluxion nx ;^ by ;r (the Fluxion 
of the Root x) it becomes nx ; and, adding i to 
die Exponent (» — i) we have»;(r ; which, divided by 

», gives X , the true Fluent of nx^^x^ by Art* 8.. 

Pence (by the fame Rule) the 
f*iuent of '^x'^x will be = ;if ' J 

8*-' 
That of Zx^xz=. — 5 

3 

x^ 
That of 2x^x = r^ J % 

3 i 

That of y ^j? = f y^ ; 



That of oy^y= "g- ; 



That of/i=^-! = ^lI- 

— +1 

That of — , or aix^ — ff ; 

a" » I— « 

TlvJt of S+^'xK = t±^ J 

4 






7^ 



«+» 



And that of^+z X» iac ■ : 

iwX«+i 

» 

For hire the Root, or the Quantity under the general 



m 



Index », being a -j- a , ^^4 ^^s Fluxion = mz"^^^ 
{Art. 14.) we (hall, by dtyiding by the laft of thefe 



» 



Quantities, havp , . T — - 5 whence, increafwig the 

G 3 . . Indcii; 
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Index by Unity, and dividing by (»+0 ^^e Index fo 






increafed, there comes out - ^ "*" " 



irf* 



^ter the very lame Manner the Fluenti of other 
Exprcffions may be deduced, when the Quantity, 
or Multiplicator^ without the Vinculum is either 
equal, or in a conflant Ratio, to the Fluxion of the 
Quantity under the Vinculum : As in the Expreffion 

tf-f-rz X ^z' 2 ; where the Number of Dimenfions 

of Zi^ider the Finculum (or general index) beingequal 
to mole of z without the Vinculum -\' i, the Fluent 
may therefore be had, as in the preceding Examples; 

a+fz X d 

and will come out -^ :^===- : A^id, that this (or 

wXot+i 

any other Expreffion derived in like Manner) is the true 
Fluent will evidently appear, -by fuppofing x ^ual to 

a-^cz the Quantity un^er the Vinculunn ; for then 
(equal Quantities having ^qual Fluxions) x will be 



• Art. 8. =«^z * « * ; and confequently a^^cz X dx^^i, 

'^'^ ^ i who(rFltteMi0^|h£)^ 



C 



nc 



«+x 



ax aXa+cz ,: ... 

t Aft. 77. — :==- 1= .X— : =— > ^^*?/^^- 

78. In afligning the Fluents of^given Fluxions there 
is another Particular that ought to be attended to, not 
yet taken notipe of ; and that is, whether the flowing 
Quantity, foiind by the common Rule, above deli- 
vtred, does not 'require the Addition or SubtraiSliop of 
fonje conftant Qyantity to render it complete. This 

indeed 
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indeed can, only, be known from the Nature of the 
Problem under Confideration ; but that fucfa an Addi- 
tion or SubtraAion may, in feme Cafes, become ne^^ 
ceflaiy is evident from the Subje£t itfelf ; fince a flow- 
ing Quantity incrbafed, or decreafed, by a conftant 
Quantity, has ftiil the fame Fluxion ; and therefore the 
Fluent of that Fluxion is as properly expreiled by the 
whole compound Expreffion, as by the variable Part of 

it, alone : Thus, for Inftance, the Fluent of /»r x may 

be either repre&nted by ;» or by x =t: a^ becaufe {a being 
conftant) thef^luxion of x^ ^a^ as well as of m*, is 

nx X, ■ 

79. Hence it.appears that it is the variable Part of 
a' Fluent only which is affignable by the common Me- 
thod ; the conftant Part (when fuch becomes neceftary) 
being to be afcertained from the particular Nature of 
the Problem. Now to do this, the bcft Way is to con- 
fider how much the variable Part of the Fluent, firft 
found, differs from die Truth, in that particular Cir- 
cumftance when the required Quantity which the whole 
Fluent opght. to {express, is equal, to Nothing; then 
that lyiftereRC^,, added to, or fubtra£led from, the faid 
variable Pait) as^ ocealion requires, will give the Fluent 

'truly corre^ed : for, fmce the Difference of two Quan- 
tities: flowing with the fame Celerity (or having equal 
Fluxions) is either., Nothing at all, or conflantly the 

fame^ the Difference . in that Circumftance will like- 
wife be the Di^br^nce in all other Circumftances : And 
therefore being added, jto the lefler Quantity, or fub- 
traded from the greater, both become equal 

80. To render wb&t is above delivered as familiar as 
.mafy be, I (haU put doWti a few jExampies ; ili which 
cthe variable K^uantities repreftnted by x and y are fup- 

pofed to begin\th^ifj£xift»Kef together, or to he gene^ 

rated, at the lame time. 

G 4 J. Let 
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1. Let j^ = af^xk\ then the Fluent, found as ufual, 

will be jp = ; where taking j^ = 0, alfo va* 

nifhes, (becaufe then a-szo by Hypothefis} : Therefore 
the Fluent requires no Correction in this Cafe« 

2. Lctjf=:?fP X x: Here wc firfl have j^ = 



■^ ; but when ;^=o, then JII — becomes =; — 

4 4 4 

( fince X* by Hypothefis is then = o :) Therefore 

4 

^-Hl- always exceeds yhy — ; and fo the Fluent pro- 
4 4 

4- 

pcrly correded will bcy^:- tZH. =£i^ ;r-j--2fL!L 

4 2 

+ax^+ -. 

But the very fame Fluent may be otherwise found, 
without needing any Corredion : For the given Equa- 
tion \y = J-p? XxJy by expanding tf+^ > is tranf- 
formed to^z=:a^X'{'^a^xx']-2^^*^'\'^^^ i whence jr=s 

^'^+ — T^ -f-tfAr'-j- — J the fame as above. 

Hence it appears that the Fluent of an Expref&on, 
found according to one Form, may require a very 
different Correction from the Fluent of the fahic Fluxion 
found according to another Form. 



3. Let y == a^ — x^^ X;cx j then, firft, j' = — 

* "TZTz]'^ a^ x^ ^^ 

f— — 5 where taking y:=^Oy — ■ becomes 

3 -..-.•■' 3 
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X 

•2. 



tf3 fl*— A"* . ^^ 

= -*_ ; therefore — —- is too little by -^ ; 

3 3 3 ^ 

9nd fo the Fluent correScd will be j^ = ■— — 

3 



r*--^^ 



n 



4. Let y z=:a -j-^r X ;r'" at : Here we firft havej?=5 

m m\ 

-: and making ;^=o, the latter Part of the 
i»X«+i 

— ^w+'f 

ffi 1 M8*l«0f 

Equation becomes — ^ = ; whence the 

mXn+i mXn+i 

Equation^ or Fluent, truly correfled is ^ = 

.«+x 

a ^x — a 



/wX»+i 

Z Th^ 

5. Laftly, let J? = « + ^^*" +^^" X 



mbx "" -y+WAT**^' ^ J then, in the firft Place, we have3>= 

Z \^+' 

' ^ '"^^ ■ ; which correfted, as above, becomes 

« n\ p^j 

a-^bx -]^cx — a - 

8 1* Hitherto x and y are both fuppofed equal to Nothing 
a|; the (ame time s but that will not always be the Cafe 
ii) the Solution of Problems. Thus, for Inftance^ 
though the Sine and Tangent of an Arch are both equal 
to nothing when the Arch itfelf is equal to Nothing, yet 

the 



/ 



y 
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the Secant is then equal to the Radius : It will be proper 
therefore to add an r^xample or two wherein the Valua 
of j^ is equal to Nothing, when that of ^ is equal to any 
given Quantity a. 
Let, thjCfi, the Equation yzzjc^x be firft propofed ; 

•whereof the Fluent (firft taken) is y = — ; but when 

yr:o, then —- =:— -, hy Hypothcfis ; therefore the 

Fluent, corrededi i8y= . 

Again, let the propofed Equation be ^ =: — - x^x ; 

X 

then will y = r— > which cofveded becomes j =s 

n — X 
«4"^ 



Laftly, \ti yzuc^^bx'-^^Xxxi Aen, firftj > as 






VJ- ; and, when y = and x =:<7, -^-1— — be- 

3^ 3* 



1 
comes =: 



= i-21jL. : therefore the. Fluent qofre^Sed is 
3^ 

82. All the Examples hitherto gitieMS refote to Xucb 
Fluxions as involve one variable .Quantity only it} each 
Term, whofe Fluents are afSgnable from the Converfc 
of the firft General Rule, in Se£fim I. fiiit, befides thefe, 
various other Forms of Fluxions may be propofed, in- 
volving two or more variable Quandfres, whbf(( Fluents 
may alfo be found by Hclofof the otfa«)r two General 
Rules delivered in the lanlfdedion. 

Thus 
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Thus the Fluent of jx-^'^ey is exprcfled by Ay • ; that • Art lo. 

oS ^ y> by-r f 5 Aat of atx+xf+yx by ax+xyXi t Art. ij. 
•^ -^ i Arcw. 



^ 



and thatof «jf)?y^' +y'x—nax'^^x x/;r — <?jt"^* by 






»Xj>Aw-^^ . F^y^ ji^jin ^jjj ^ j^jj Cafe) by 

the Fhixroir of the Root y x—ax , which (by Art. *^^'^' 

»— I J» If— -X 

14 and 15) is nxy j? +;^ x—tjox -y^wefirfthavc 

y x-^ax 5 whence, adding Unity' to the Exponent 
•^, and dividing by the Exponent fo increafed, we get 






V"-"" ■ =^>LLfZ:fi. for the true Flu. 

cnt of the Quantity propofed. But it feldom happens 
that thefe Kinds of Fluxions which involve two dif- 
ferent variable Qu^tities in one Term, and yet admit 
of known, or perfe£l, Fluents, are to be met with in 
pra£lice : I (hall there/ore take no further Notice of 
theni ip thjs^ *^lace (but refer the Reader to the iecond 
|*art of the Work) my Defign here being to infift only 
upon what is mod general and ufeful in the Subje^ ; 
which brings me to; further, confider thofe Forms cf 
Fluxions, involving one variable Quantity only, that 
frequently occur in the Solution of Problems, whofe 
Fluents may (after proper Transiormation)- be found, 
by the Rule already delivered in Art, 77. 

83. It 
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83. It bas been already hinted, that if a Fluxioq- of 



the Binomial Kind, as a-^-cz. X dz i^ has the In<* 

dex (n — i) of the variable Quantity (z) without the 
Vinculum -{- 1 ^ equal to («) the Index of the fame Quan- 
tity under the Vinculum^ the Fluent thereof may be then 
truly found by the forementioned Rule. But the fame 
Obfcrvation may be farther extended to thofe Cqfes 
where the Index without the Vinculum increafed by Unity 
is equal to any Multiple of that under the Vinculum ; as 



.M 



If) ■ Zifr— I «* 

in the ExpreiQons, a-\-cz Xdz z^ a-^-cz X 



az zja + cz Xdz k^^c. Whofe Fluents ate 
thus determined. 

Put tf +^z* :=zxy then will z* = , and nz^^i 



2»— I • X ' a 



X' 



*Art.S. = T*5 and therefore z zz=. X -^7 = 

c ^ nc 



I whence by Subftitutibn we get « + ^^^ X 



ncc 



al^— r . x XdXxx—^x , .. ^ x — ax x 

dz ZZ=L = rf X 



d 

Whofe Fluent (by 4rt. 77) is therefore = -7 X 



•— ; — ; which, by reftoring the Value of jf. 






becomes — X — ^ — •— i = 
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wfrt «+t 



' If 



nc2 



■>■■ ri 



m 



?w+2 ^-j.2X^+x ; the true Fluent of a-^-cz, 



n\ X 






M 



3»— 1. 



Again ; for the Fluent of a-^-cz, X^^ «> hc- 

«— Ji , ^ « x—a 3«— 1. 

jcaufe « « = --, and z =: —— * we have z « 



{ 



z X% « 






X x^x — laxx-^a^x 



nc 



93 



Whence, a-\'cz being =i ;r , we get a+rx X 



». 



itr^ «= ; — — = — - w 



rii. 



m 



jT i -^ lax X + ii'^A' i ; whole Fluent is thcre^ 



ni+3 m^z 

d X 2ax 

fore = . — ^ X -r- r" 



m 



+1 



+ 



«*Ar 



w+i 



dx A* .^X— -^ 



^+1 
— ^u 

a^ d\a^i z 



nc 



w+3 ^+^ ^'*+ 



nc 



X 

m+i 



A 






^^4-^^ 



A 



r Z 



/R+2 
11 



2^i'Z 



+ ^ 



2/7* 



X 



/?j4-3 w-f3X;!7J+2 OTf.3Xwi+2X7;j+l 



U/i/* 
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Umverfalfyf let r denote any whole pofitive Numbtf 

— — — \« 
whatever^ and let the Fluent of tf+ra* X dz^'^^i ht 



required ; then, by putting tf+rz =>, and prMeed- 
ing as above, our propofcd Fluxion is tnuufonned to 

*— — X x—a^ 9 which, expanding j^— ^l 

nc 

J 
( by Uie Binomial Theorem ) bccones -r- x 



.ac 



i X 

lie. whofe Fluent is therefore is — x — — 



Iff 



^H"'" — I 2X;w+r— 2 









'■ ■■."■■!'■• 



aX/n+r — 2 



nc 

Where, r being a whole pofitive Number, Ihe Mul« 

tiplicators i, r — i, r — jXr — 2, r — iXr — 2Xr— -3, £tfr. 

will therefore become equal to Nothing, after the r firft 
terms; and fo, the Series terminating, the Fluent itfdf 
will be truly exhibited in that Number of Termsj Ex- 
cept when m-f-r is likewife a whole pofitive Number, 
lefs than r ; in which Circumftance the Divifors w+r, 
m-^-r — ly m-^r — 2, faff, becoming equal to Nothing, 
before the Muhiplicators, the correfpondrng Terms of 
the Series will be infinite. And in that Cafe the Fluent; 
is faid to fail, fince Nothing can then be determined 
from it. . 

83. Be- 



S4. Bcfidcs the foregoing, there is another Way of 



deriving the Fluent of a +cz' X dz i, in Terms 

of the original flowing Quantity z ; which will aflbrd a 
Theorem more commodious for Pradice than that above 
given : The Method (rf" Inveftigation is thus* 

LctrfXa+r? xh/+Bz^+Cz^" + Dz^^ 
Vc. (where /, v. A, B, C, &fr. denote unknown, but 
determinate. Quantities) be aflumed for the Fluent 
fought : Then by taking the Fluxion of the Quantity fo 
aflfumed we (hall have 



A«X/w+iX« «X«+r2 XAz+Bz +C2; + 



.«+! 



P-^'^r^ . ^. . ** v> * ^"•*. 



D« W^. +^^+^2: X^Az k^ p—v X 



B«^^"*^'»+^— 2«iXCa "^'i &ff. which being put *^-^'*^ 
equal to the givep Fluxion,^ ^+<2i Xdz i^ and 



» 



m 
) 



•— 1. 



the whole Bquatton divided by a-^'cz Xdz z^ there 
comes out 




+a^citXfAz^+p—vXBz"'-{-^2v X Cz^" igc. 

Whence^ by cplledin^ the Coefficients of the like 
Powers of z, we have 

— z -T ^tf Az "T p — vXciQ^L i^c. J 

Where, comparing p+n and r«, the two grtateft Ex- 
ponents of as, we find ^=r« — n=zr — iX« ; and by com- 
* paring the two next inferior Exponents p+/i — v, and ^, we 

Kkcwifc 



' ' * * 
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likewife get v=» ; which Values being fubftituted abovcy 
our Equation is reduced to 



—2 + r— iX/wAz +r— 2XwBz bTc.J 

Where, putting ;w-f r=x, and comparing the Coeffi- 
cients of tde homologous Terms *, we have A = 

2^ -^_ r — iXaA r — iXa p ^_ 

^^ "" I^Xf ~" " 7x7^x»t*' ^^ ~ 

r—2XtiB ^ r—iXr—2Xa^ ^ r— 3 XcC 

^^2Xc "" jXi^Xi^^Xw^' "" s—iXc 

jXj— iXx— 2xy— 3XW** 

which Valines, with thofe of p and v, being fubftituted 

-iti 

in the affumed Fluent, it becomes dxa^cz X 

I i f I 

z r — iX<72i r — I X r-^2X ^^z 

^^^ sXT^Xfic^ sXT^Xl^Xnc^ 

. W+I 



' d Xa4'cz % " r — iX^z 

<5r^. = ' X 

snc I s—iXc 

—x—^Xc'' ^'- "^^ '^"^ Fluent of 



n) rn — t 



C2i X^/z ;i, which was to be determined: 
Which Fluent therefore, when r is a whole pofitive 
JMumber, will always terminate in as many Terms as 
are cxpreffed by that Number ; except in that particular 
Cafe, fpecified in the laft Article. Thus, if r=2, or 

^ yid. /». I Si of my Treati/a of Mgehra, 



y 



The Manhef ofjwding Fl u fe n t i; 97 

— ^^ — 

the given Fluxion be a-\-c% Xdz x ; then, s 
(w+r) being ==;«+2, the Fluent itfelf will become 



■14. 1 ~- Jw+t 

^ n ...» 



dXa+cz g._ _^ ^ dXa+cz 

X ; which is 6Xaflly the fame with 



172 4- 2 iw+^X/yz+i 

the firft of thofe found in Jrti 83; by a different Methoi 

The like Agreement will likewife be found, when r 
is = 3 : But when r, either denotes a broken, or a 
negative, Number* the Series for the Fluent will then 
run on to Infinity ; biecaufe no orte of the Multiplicators 
r — I, r — 2 5 r — 3, r— ^4, ^r. can in that Cafe be 
equal to Nothing4 

85, The foregoing Fluent, it may be obferved, was 



fDund by affuming d)ca+cz' xAz^+Bz + Cz 

&fr. and comparing the two greateft Exponents, of 

the Equation thence refulting: But if, inftead of 

p p — «/ j^-'^^t^ f 

Az + Bz + Cz toV. anafcendingSerieSjBS Az + 

Bz + Cz ^c. (where the Exponents of z con- 

tinually increafe) be taken^ and the two lead Indices 
of z in the Equation (in like Manner reiulting) be 
compared togetherj the fame Fluent will be had ac- 
cording to a different Form, which will be of good Ufe 
in many Cafes, -when the foregoing fails, or runs out into 
an Infinite Series* 

Thus, if /'H-'Z', ^+2^', &€. be wrote in the Room 
of p — v^ p — 2v, &c. refpedively, in the firtt Equation 
«f the laft Article, it will appear that 



H ^ 



a . 



/• 
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Which Equation may be reduced to 

Wherc> by comparing the two Icaft Exponents, Wr. f 

will be found = r», v=«; A = _ = — rj B= 

pa ^^ 

p+nXm+iXcA _ r+m+ 1 XwA 

p-^-vXa r-^iXna 

r+m+iXc . jj __ ^+^4'»Xyw+ 1 XfB ^_^ 

rXr+iXna" p+2vXa 

r+m-{-2XncB __ r+yw+ 1 Xr+w+a Xf* 

r+2X«tf rXr+iXr+2Xna^ ' • 

Therefore, denoting r-^m by j (as above) the Fluent of 



«' . . , r« — 1 . 



fl+cz X dz «. will (^^) be truly reprefented by 

w+X rn — j^ — rmi^n 

% s-jr » Xc% 



dXa+cz ^ 



ma rXr+iXna^ 



■— - tfc. or its Equal ^+'^ X^a 

rXr+iXr+2X«^3 ^^^ 



s+iXrz' , i+lXj-f 2X^^Z^" 

Xl "' : 1- — — ■ ' . -- ■ fefr 

r+iXa r+iXr+2Xa'' 

Which Series will terminate when s (or r+m) \s a 
whole negative Number i and therefore in all fuch Cafes 

the 
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the Fluent is exadly determindd ; provided r be dot 
alfo a negative Integer lefs than i ; for in this parti* 
cular Circumftance the Fluent fails, th^ Divifor firil be-* 
coming equal to Nothing. Vid, Art. 831 

The Ufe of the two foregoing general Expreffions^ 






for the , Fluent of a-^-cz. X i% «, will appeat 
from the following Examples. 

E X A M P L E I. 

86. Let it he required U find the Plueni of i^ , 6r 



By^ comparing the Fluxioa here prdjpofed with 



m 



ill rtl-Mi 

a+cz Xdz «, we have a=a, czzii^ «=*', »f=r, 
m=i — f, ^=i, r«—i (or r — jj x=i • whenceris2, 
and s {r-^-m) ic | ; whereof the former bcmg a whole 
pofitive Number, let thefe Values be therefore fubftituted in 



ffi^4-z 



iidU-W. 



dXa^ ^ ^"^ r-iX^^" -^ 



X - — 



•■■f- 



j«r i i — iXc 



) 



le two ge- 



neral Expreffi'ons for the Fluent, and it will become 

'-T-^^'-"l- i ^' ** 

Quantity foug}it in this Cafe. 



H » EX. 



969'J'28A 
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EXAMPLE n. 



87. Lit the Fluxion propofed be j or 



2. 



V/^+/; 



a" 



Here, by proceeding as above, we have /7=<7, c:nf, 
2=Ar, «=«, wzz: — *; rf=^, ''^Sj and J ('•+^) =^ 
i: Whence, by fubltituting thefe feveral Values in 

"^ — ijf 

the fame general Expreffion, we get ^X<'4'/«' X 

knf 






i^ ? 



If ' ixkr • «/^ 



9 



e/^A-**— 8<7/i«+i6^* 



i^Mrfkl'Mi^M 



^5 

EXAMPLE ni. 



88. Wierein the ^antity propofed is >y^^+>^ , (^ 

Here we have ^7=^% ^=1, a=y, »=2, /w=|, 

— 6+i\ 
d:=ztyrn — i (or 2r — i) = -^6 j whence r(:=; ^— - j 

= —y and i (^+^) = — 2; whereof the lat- 

ter being a whole Negative Number, let the (everal 
Values here exhibited be therefore fubdituted in 

2 tf+ 
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ma r+iX^ • r+|Xr-f-2Xtf* 

fsTc.) the latter of the two general Expreffions above 



3 



derived, and it will become ^ ry^ X y- ^ 

— 5i* 

' iqxP = ■ xs^^jls ^ 5 the true Fluent 
required. 

EXAMPLE IV. 



Z 



89. Lajlly, let the given Fluxion be /?— /z X 



2 X ;S« 



Then, <2 being =U7, r=-^/, »i=f , rfi:i, r =-|, 

m 

and the reft as in the general Fluxion a-^-c^ X 



r«— .1 



^2 «5 we (hall, by fubftituting in the fecond 
Form (bccaufe s is here equal to ( — 3) a whole ne- 



gative Number) have 


-ina ^'~ 


— 2X— /i;* 


— 2X— lX/2.»« _ 

— IX— K "" 


— inaz 




^— /z«^*X30tf 




\o<^na^%^* 





00. Having infifted largely on the Manner of finding 
fuc^. Fluents as can be truly exhibited in Algebraic 
Terms j it remains now to fay fomething with regard 

H 3 to 
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to thofe other Forms of Expreffions, involving one va- 
riable Quantity only, which, y/, arc fo af^ed by 
compound Divifors and radical Quantities, that their 
Fluents cannot be accurately determined by any Method 
whaif >ever ; of which there are innumerable Kinds : 
But there i^ one general Method whereby the Fluents 
of fuch Expreffions are approximated, to any affigned 
Degree of Exad^nefs; namely, the Method of Infinite 
Series y which it will, therefore, be neceflary to ex- 
plain ; fo far as relates to the Manner of expounding 
the Value of any compound Fra£Uon, or furd Quan- 
tity, by Help of fuch a Series. 

EXAMPLE I. 

9r. Letf then^ tbeFra^ion he^ firfi^ ghm% to be 

converted into an Infinite Series. 

Pivide the Numerator ax by the Denominator ^r~^x^ 
asMs taught in Compound Divmon of common Algebra; 
the(i die Operation will ftand as follows ; 

AT* X^ X^ 

^—x)ax (*+ - + ^ + ^ + £2r^ 

ax'^xx 



-^-xx 

xt 



a 

x^ x^ 

X* 






Witer* 
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jf* A-' jr* 
Where the Quotient, or Series ^+ "^ + ^ "^ Js" "'" 

~ + "T ^^' infinitely continued, is taken to expound 



a^-^x 



the Value of the propofcd FraSion — — 

92. But, though the Series thus arifmg ought to be 
carry'd on to an Infinity of Terms, to have the true 
Value of the Quantity firft propofed ; or, though the 
Quotient, continued to ever fo great a Number of 
Terms, will bcjiili fomething defective of the Truth ; 

Jet, if the Value of the Quantity (x) in the Numerator 
c but fmall in Comparifon of the Quantity (^7) in the 
Denominator, the Remainder, after a few Terms in 
the Quotient, will become fo exceeding fmall, as to be 
neglected without any confiderable Error; and then 
the Value of the Whohy or of the Quantity firft pro- 
pofed, will be, very nearly, exhibited, by taking a 
fmall Number of the leading Terms only. 

Thus, for Inftance, let the Value of a be expounded 
by 10, "and that of x by Unity; then the Remainder 

f — j after the two firft Terms of the Quotient, being 
' = -^, this Value, divided by the given Divifor 

{a — xz=) 9^ will therefore give — =0,01 1 1 1 1 1 1,^^. 

for the Defeft, by taking the two firft Terms only : 
But, if the three nrft Terms be taken, the Defeft will 
be Jiill lefs confiderable ; amounting to no more than 

— -, or 0,00111111 ^c. 
.900 

This may likewife be made to appear, wl/hout any 
regard to the Remainder, by coUefting into one Sum, 
the Values of all the Terms to be taken : For, if o»ly 

the firft two (■*'+—) be propofed, their Sum will be 

H4 
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=1, I ^ which, deduSed from the true Value of the 

ax f io\ 
given Fraftion -37 \^ — ) =1,1111111 lie. the 

Difference will come ©ut 0,01, tht very fame as be- 
fore. 

Thus, alfo^ by collefling the Sum of the three, four 
and five, lie. firft Terms of the Series, you will have 
1, 11; I, III; and i,iiii&r. which, being fuc- 
ceifively deduced from r,iiiiri'iii lie. (as above) 
there will remain 0,00111 1 tic. p,oooiiii lie' 
0,000011 1 1 lie, for the Errors or DefeAs in thofe 
Cafes refpe£lively. 

93. From what has been faid in the preceding A(* 
' tide it appears, that Infinite Seriefe$> in Algebra (ac^ 
cording to a common Obfervation} are fimilar to, or 
correfpond with. Decimal Fradions in common Aritb- 
mecick : For, as a Decimal Fra£lion may be carry'd on 
to any propofed Number of Places, however great, 
and yet never amount to a Quantity ,~ which but a very 
Jittle exceeds the Value of the three or four firft Places \ 
fo a Series may be infinite with regard to the Number 
of its Terms, and yet a few of the le^ing Terms only, 
may be fufficient to exprefs the Value of the ff^ale^ 
very nearly : Provided, always, that the Series has a 
fufficient Rate of Convergency, or that its Terms de- 
creafe in a pretty large Proportion : For^ other wife, 
roen^ ^ great Number of Terms may be lifed to little 



X* 



Purpofe : Thus, in the foregoing Series, ^ -|r "^ + 

x^ 

^ iic, if X be taken = a, no Number of Terms will 

be fufficient to exhibit the Value of the correfponding 

(IX 

Fraflion —7 , it being infinite in that Circumftance. 

C^ X 

94. Having endeavoured to fhew, t^at the true Va- 
lue of an infinite Series may be nearly obtained 'by ad- 
ding together a few of the firft Terms only, 1 fliall 
now proceed to give pther Examples of the Manner of 
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converting fradional, and furd. Quantities into fuch 
Kinds of Seriefes, in order to tbe Approximation of the 
Fluents of Expreflions affe<Sled by them. 



EXAMPLE IL 



f» 



% 9 



Lit the ^antity prcpofed be the Fra£fion -jy^ — -j^ 

then, by proceeding as in the firft Example, you will 
have 

^x+ary+/).- (I -f + ^ -7r^>- 

— 2cy — ^* 

— 2ry — 4y* i- 



2y3 

+3y*+ ^ l^c. 

Where, from a, few of the firft Terms of the Quo- 
tient, the Law of Continuation is manifeft ; the Nu- 
merators being in Arithmetical Progreffion , and the 
Signs, 4" ^^^ — 9 alternately, 

EXAMPLE in. 
95. Let the ^antitj given he — 



X — x^ 



Then the Quotient will be i+a'+3A'*+4jk''-}-5**+ 
gx^-^-j/^^ ^c, where the Z^u; of Continuation hTosL-- 
nifeft ; being fuch that the Coefficient of each fqc- 
ceeding Term is equ^I to the Sum of thofc of the two 
Terms imitiediately preceding it. 



EX^ 
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EXAMPLE IV. 



96. Lit the Radical ^antity s/d^-^-x^ he propofed. 

Here, according- to the common Method of ex- 
trading the Square Root, the*Proce(s will ftand as 
follows : 

;r* **\ / X* x^ 



aa 



'\-XX 

4^ 



4^ 
x^ x^ x^ 



Aa^ «i2* i" 



4a^ ia^ ^ 64^^ 



mmmt 



X^ x^ 



97. The Law of Continuation in Seriefes, thus ariiing^ 
from radical Quantities, is not eafily difcovered : But, 
if you would carry on the Series to any propofed Num- 
ber of Terms, the Work will be a good deal (hortned, 
by dividing the Remainder by the Divifor, when half 
that Number of Terms is found (as in common Di- 
vifion) and obferving, at the fame time, to negle£t all 
fuch Terms whofe Indices would exceed the greateft, or 
the greateft Plus the common DiiFerence, in (he faid 
Remainder, according as the whole Number of Terms 
propofed to be found is odd, or even. 

Thus, if it were propofed to continue the foregoing 

Senes <» + ~ — oTJ to 6 Terms, then the Divifor 

(or 



* » 
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(or double Quotient) being la -| — — j-, and the 



x^ x^ 



Remainder g^ — g— ^ (as appears from the laft Ar- 
ticle) the reft of the Operatioji'^ill ftand thus : 






^^8 ^^10 



64^2^ 1 28a* 



"^ -» 



^J28tf» 

* Which three Terms thus found being added to thofe 
found above, we have tf t o-; + -7— r — 

$X^ ']X^^ 

j28^ + ^76j9> for the 6 firft Terms of an infinite 

Series exhibiting the Value of v/^^Hh-*"*- 

98. Another Way of refoiving any radical Quantity^ 
is to afTume a Series (with unknown Coefficients) for 
the Value thereof; and then the Series fo aflumed being 
raifed to the fecond^ third, or fourth Power, fefr. ac- 
cording as the Root to be extracted is a fquare, cubic, 
or biqpadratic one, &fr. an Equation will be obtained 
(free from Surds) from whence, by comparing the ho- 
mologous Terms, the aiTumed Coefficients, and con- 
fequently the Series fought, will be determined 3 as in 

EX- 
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EXAMPLE V. 

Where it is propofed to extraif the Square Root of 
a -{-x in an Infinite Series, 

In which Cafe, affuming A+BiJr + C* -^Tix + 

%n 

-4-E;r &(. for the required Series, and taking the 
Square thereof, we have 

A»+2 AB/"+2 AC;r^+2AD/*+ ihtx^'i^c./ f 

+B-;^^ +2BC/''+2BD;r^''fcfr.^+ 



I w 




and confequenti/ 

_«"_> /"+ BV*'+2BC/'+2BDA'V..f o 

Ztt 

Therefore A^—a =o, 2AB— 1=0, 2AC+B*=to, 
2AD+2BC=:o, 2AE+2BD+C*=:o, ♦ &fr. From 

which we get Az=za 5 B {pz~r) =s -— ; C (= 

^^ 2a , 

2BD+Cn 5 

(= ^^— ; = — ;^^ ^^- when<;e we have 

• f7</, /, 181 «/■«)' ^reatifi of Alg^ra. 



^e Manner of finding Fl u e n T s. 1 09 

*» 4» ^ _ 8« 

-ffL- —■{'— -^— ^c. Which Se- 

rJcs, if « be expounded by Unity, will become a + 
~ — ^-7 fcff , the very fame with that in the pre- 
ceding Article found by the common Method. 

EXAMPLE VI. 



^.3 

99. Let it he required t» refelve a-^-bx into an 

Infinite Series. 

Here, by afluming A+B/ +C;r*"+D*'* (^c. and 
cubing the fame, dfc. we have 

A»+3A»B*" •■|-3A»C*"+3A*D*3"+ £«ff 
—fl — **" + 3AB V 4.6ABC*3"+ igt.? = O 

+ B'*3"+ ^f. 



T 



. b_\ J_ „ __ 



Therefore A = « i B (_ , . »y _ , 

B^\ i« 6ABC+B3\ 5*' ,. 



I 

;?7 



If 2f 

and confequently, ,/7 + ^^ f=:A+Bjf +C;ir +^^.) 
=<» -{ r r+^ — r + ^<^ 

And^ in the fame Manner, may the Root of any 
other Quantity be extra£^ed : But as the celebrated Bi* 
nomial Theorem, difcovered by the illuftrious Sir Ifaac 
Neivton^ is vaftly more eafy and expeditious, in railing 
Powers and extra£ting Roots than that, or any other, 
Metho^^ I iball now explain the Ufes thereof^ but, 

firft 
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firft of all, it may^ not be amifs to (hew how .the Theo-* 
rem itfelf, from the Principles of Fluxions, may be de- 
rived. 

Let, then, i-^-j be a Binomial whofe firft Term is 
Unity, and its fecond Term any propofed Quantity ;p; 
and let the Quantity to be expanded or thrown into a 

Series be f+y ; where the Exponent v is fuppofed to 
denote any Number whatever, whole or broken, po- 
fitivc or negative- 
Now it is evident that the firft Term of the required 
Series muft be Unity ; becaufe when ^ is = o, the other 



Terms all vanifh ; and, in that Cafe, iHpjr is equal to 

Unity. Let, therefore, i+a/ + B/ +C/ +t)/ 
l^c. be afiumed to exprefs the true Value of the faid 
Series, or, which is the fame, let 

i+/=i + A/ 4- B/ + C/ +D/ £2ff. where 
A, B, G, D, C5V niy n, pj q^ i^c: denote unknown, but 

ideterminate Quantities : 

Then, by taking the Fluxlcn of the whole Fquationj 



(fuppofingy variable) we (hall have vjXi ]~y = 
Whence, multiplying the Sides of the two Equations, 



crofs-wife, and dividing by j; X i -f-y , there comes 

ziiv-i-vAy" -^-vBy" -{-vCy^ -{-vDy^ tfc . which, by Re- 
duction, is 



+mAy^ +«B/ +^C/ fcfr. > = ^ 
—vAf — ^B/ — ^C/ i^c. ^ 

Now, 
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Now, fince we are at Liberty to take the Exponents 
of y what we will, fo as to ar. fwer the Conditions of 
the Equation, or fo that all the Terms here put down 
may mutually deftroy eich other j let them, there- 
fore be fo taken that the Terms thcmfelves may be 
homologous, tnat is, let m — imo, n — i=ii», p — !=», 
q — 1=^ £3^^. Then, m being =i, «=:2, ^=3; ^=4j 
^c. if thefe feveral Values be fubftituted above> the 
Equation itfelt will become 

A+2By+3Cy*+4Dy3+ fffr,! 

.3 



tAy — vBy^'—vCy^ &c. 

Where, taking A — z;=o, 2B+A — vA=o, 3C+2B — 
t;B==o, 4D-f-3C — vC=o, b'c. fo that every Column 
oT homologous Terms (and, confequently, the whole 
Expreffion) may vanifli, we alfo get A=vi B (=r 

^tA — A __ A X V — I X ^vXv^i vB — 2B 

2 "^ 2 ) ~ 2 » V (= 2 

3/ ^ 3.4 

4 -^ 2 3 4, 

Whence, by writing thefe Values, with thofe of /w, », 

.^, J, fcff. in the Series i+A^"* +B/ 4"Cy fsf*^. firft 

aflumed, we, at length, find 1+;^' =i-{-vy4- — X 

v-^i V V — I V — 2 V ^— I 
X/+-X - — X Xy^+— X X 

«; — 2 V — 3 

-_ X — —Xy^'^' &fr. which .was to be invefti- 

gated. 

From the Series here brought out, any Power or 
Root, of any other c mpound Quantity, whether Bi- 
nomial, Trinomial, ^c is cafily deduced: For, if^ 
be put to reprefent the firft Term of any fiich Quan^ 
tity, and Q^the Quotient of the reft of the Terms di- 
vided 



112 ^CheMdfm^r (f finding Fluents. . 

vided by the firft ; then th e Quant ity itfelf ^ili be ex' 
preffcd by P+PQ. or PXi+Q^ and the v Power 

thereof by P Xi+Ql, wh'ch therefore is equal to 



V 1 • V Z! 1 V — 2 






Q3+- X "l-X— X-^ X Qt+ i^c. y by what b 

juft now determined. 

But when i/ is a Fra£lion, as in the Notation of 

Roots, the Theorem here given will be rendered fome- 

what more commodious for Practice, if, inltead of v^ 

m 
a Fra6Kon as —be fubftituted j by which Means it will 

— ^ .JUL S m M 

become P» X J+Qj» =P* X i+ -Q.+ " X 

ffi — n m m — n tn — 7n _ m m — n 

Q*+-— X-— - X Qi4- ~X ^— X 



m — in m — 3/f 

— I — X ■ Of: + l^fc. whofe Ufe, in converting 

radical Quantities into Infinite Seriefes will appear from 
the following Examples. 

EXAMPLE Vn. 

100. TVfjercin it is propofed to extract the Square Root 
of a'^-^'X^^ in an Infiniie Series, 

Here the Quantity to be expanded being ?+jr^ *, er 

I. 

_— i XX* 

^ X 1+ — V '^y comparing it with the general Form, 

P'^Xi-t-^* , we have P=^% Qi= ^, m^±:i^ 

and 



^be Manner of finding Yhvt JUTS. 113 

and «=:2 : Whence, ^y fubftituting thefe Values in the 
laft general Equation, we get 



I. 



«+^ =<2Xi+fXp + fX-iX-+fX-i 



X-|X^ + fX-iX-|X-|X^+ i^c. =fl+^ 

cxadily with thofc found mArt, 97. and 98. by different 
Methods, 



EXAMPLE VIIL 

10 1 • Let it he required to extra Sf the Cube^Root of 
If 2 — .ys^ /;; an Infinite Series* 

Here by comparing h^ * X i — — V = h^ — y^^ J 



m 



with P' X H^' , it will be ?=b\ Q^=: — L., 



b3 



»2:=l, and «=3 : Therefore, by Subflitution, we get 
^ . . J\ — ^ 



-|xf. + tx |X-|X-^ + 3^X-|X-|X- 



,^r" ,. _, il JL J^ ^o>" . 



E X- 
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EXAMPLE IX. 

JQ2. Let tbi Quantity t9 ticmoirtid into an Infimti 

a 
Series be a =■• 

In this Cafe the given Quantity heing ijrfl transformed 

/^ ? * ? 

to y ;^ X I— - and I — ^ afterwards com- 



pared with i+QJ, ,, we have Q,= — — > mzz. — r, 

1 * 



and «s=2 ; and therefore i— ~ (=i+Ql = i + 



7 Q-+ 7 X -IT Qi+ ^'-^ '+-^ ^ -^ + -^^ 

IS + s? + s + ^^- ^'''^'^ *"^f°«' «""'' 

-. gives ;^+^|+8;|+l6;| + 

' \ V ■}- ^^- ?= y ==> the Quantity pro- 

128^1 \/ax—xx 

pofed. 

103. It may not be improper to obferve here, that, 
when both the Terms of the propofed Quantity are af- 
firmative, and its Exponent alfo affirmative and lefs 
than Unity, the two fir ft Terms of the equal Series 
will be pofitive, and the reft negative and pofitive, al- 
ternately ; but if only the fir ft Term of the Binomial 
be affirmative, all the Terms of the Series, after the 
firft, will be negative : Moreover, if the Exponent of 

the 
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the given Quantity be negative, and botb the Terms 
affirmative, the Signs veill change alternately ; but if 
only the firft be affirmative, all the Teims of the equal 
Series vrill be pc^tivew 

fiXAMPLEX. 

104. Let the Quantity propofedbg tbi Trifamial 

X 



A^3-(-2**+3* 



51 



Here, by dividing the reft of the Terms by the firft, 
tffc. our given Quantity is reduced to x^^ X 



X 
.3 



i + %x+^ . Therefore, in this Cafe P=;r», Q=: 
2'*'+3'*% >w=r, and «=3: Whence (by Subftitu- 



tion) x^ + 2x^+yA = ;p X i+iX2;^+3J^*^+ JX 



^1X ^^+3^ +J-X-IX-IX 2:^+3;^^^ 6fr, = 
3 — 9 ^^ 

2Jf^ 

Which, reduced to fimple Terms, is =: a* -{ -f- 

9 81 ^'^• 

105. When the propofed Expreffion confifts of a ra- 
tional, multiply'd by an irrationaj, Quantity, the Series 
anf^vering to the irrational one muft be firft found, and 
afterwards multiply'd by the rational Quantity : But, if 
two, or more, compound irrational Quantities are to he 
drawn into each other, then take the Series anfwering 
to each Quantity, feparately, and multiply them toge^ 
ther; obferving, always, to neglect all fuch Terms 
whofe Indices would exceed that of the laft, or higheft, 

I 2 Term, 
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Term, which the Series fought is propofed to be coq- 
tinued to. 

EXAMPLE XI. 



lo6. Let tht Quantity pnpcfid be i-^x X i— aI 



r 



qx^ 



Firft we have i — x^"^^ =1 — — _• 

JO 10 X 20 



J0X20X30 10X20X30X40 



- — ^c. Which, mul- 



I 



tiply'd by 1+^, produces !+*• X 1— ? = I + 
gx 2gx^ Q^Q**^ 9.i9.69jf* 

10 10.20 10.20,30 10.20.30.40 ^ 

g^ ^ 29^ _ j[47^_ 39^3^^ ^ 

JO 200 2000 80000 •^* 

.EXAMPLE XI?, 

107. Wiere the ^antity to he exprejfed in an Infinite 



a^ — x^^ .1 

Series is — -j- , or «* — a**'* X C^ — x"^^ 



2. 



C* A'*^^ 







x^ x"^ x^ 



And 
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And f »,— x-^ ^ r=: c"' X i— ~ = r-i X 

V I CC 






577 + gTT "T^ 76^7* ^^' Whe"^,^> multiplying thefe 
,two Values, one by the other, we get 



a a I Qa r i . 

— + -Xx^ + 4 — ■^rT-XA:* + 

the four firft Terms of the Series fought. 

EXAMPLE Xllt. 
108. Let the ^antity to be expanded, be the Multinomtaly 




erinjinitei Series yx -\-ax -\~bx -\-cx +^^''; 
whofe Exponent v denotes any Number whatever^ whole 
or broken J pofitive or negative. 

Here, dividing by the firft Term, the given Quantity is 

transformed to A^^X I +tf^* -{-bx^+cx^^+dx "-f-Js^r. j 
which, if tf^" ^bx^^ '\'cx^'' &c, be put =iy, will become 
A. X T+p ; which laft ExpreiScn (by Art. ggx) is = 

M V V — ^I V V 1 V 2 

>r X i-\rvy+ -X-^ Xy^-\-- X —- X -~ 



Xy^+ Effr. Whence (for Brevity fake) putting A=iVi 

n) V — I V V — ^i V — 2 V 

B= - X — . C= -X — X — . D=-X 

I 3 w— I 



^ * 
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-X— — X J faTr, and fubftituting for;^, there 

Xr J "T 

comes out • + ^ * + i^v*^ + ex -i^lic. == 
Af+2BtfHCfl3x/'^^*+A^+2Btf^+B^*+jCfl»A+Da* 



^4*4^1 



X* +Atf+2aii+2B*c+30iV+3Ca*»+4D«»* 



M5« 



+Efl5 X;r '' + &rc, 

EXAMPLE XIV. 

109. 7i extract the Square Root of n* — ^^-^ and from 

thence to determine the Fluent of x ^/d* — ;f% /« tf;f 
Infinite Series. 

By proceeding as in the foregoing Examples, the Value 

of \/fl* — x^ in an Infinite Scries will be found to be a 

jtf* x^ x^ 5^* 

^— 8? — l6^ — T^7 — ^'^. Which multi- 
ply'd by *r gives * v/^* — x^ -zzax^^ — — ^-r — 

* -^ 2^ 0/«3 

Tba^ "" I2877 ^^* ^'^^'^ ^''"cnt therefore (by Jrt. 
77.) IS :=: tfjc — 7- : — .. . ^^ Hr 

''* 6tf 40^3 1I2«5 11^2^7 ^^* 

Which was to be determined. 



EX- 
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EXAMPLE XV. 

110.. Lit it be required to approximate the Fluent of 

t 

A-*» X X X ; ; 

■^ in an Infinite Series. 



a* 



Fr-^ 



It appears, from Example 12, that the Valiife of 






tf * — x*^ a . a I 

i » expreffed in a Series, ^ y + J^ — ^ 



d»^ 



3^ I I j£_ 3 



I I 



-7 -^TT^ X x^ + (ffc. Which Value being 

i6a^c^ itaU ^ T^ & 

therefore multiplyM by x^ xy and the t'luent taken (by 

«♦* Z 7^ 

ax ^ ^ 

the common Method) we get — +27^ — a^J 

_ I i.»- »+7 

5« _J I Li V ^ + ^^- 

lOc^"^ i6i7f5 i6flM i6fl5c ^ «+7 



I* 



Eli- 
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EXAMPLE XVI. 

III. Wherein it is propofed to approximate the Fluent of 

in a Series. 

Here, if A be put =v, B=vX -^^, Cz=lvX^^ 

V— 2 ^ ^' — I '^ — 2 V — 2 

X— , T>=vX-^ X— X— ^, &V. the Qustotity 



V 



/+fl;ff+«+^;.^+*" + fA^-*-3. y^.l expanded, wiU 
be = ;f^ + Aa*^*» + Ab+h? + *^+*" + 



+L)a* X A + ^c. as appears from i/r/. io8. There- 

fore this Expreffion being multiply'd by x^^^x and the 

Fluent taken (as ufual) we fhall have ^ . + 

pV'\-m 

kax Ab+Ba^Xx 

pV'\-m+n '^pV'\'fn+2n "»" 

'. ^ + « + 3« 

Ac .+ 2Bab + Cg3 X X , 

pv + m+ 3« 
Ad+2Bac+Bb^+S(^a:b+Da^Xx^ '^"'^'^"_^ .,^^ for 

tfie Quantity propofed to be found, 

SEC 
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SECTION VII. 

Of the JJfe of Fluxions in finding the Areas 

of Curves. 

C A S E I. 

1 1 2. T ET ARC be a Curve of any Kind whofe Or- 
I J dinates are perpendicular to an Axis AB, 

Imagine a Right-line ^R^ (perpendicular to AB) to 
move parallel to itfelf from A towards B ; and let the 
Celerity thereof, or the Fluxion of the Abfcifla A^, in 
any propofed Pofition of that Line, he denoted by bd :; 

Then it will ap- 
pear, from Art. 4. 
that the Rectangle 
(bn) under bd and 
the Ordinate ^R, 
will exprefs the 

corrtfponding 
Fluxion of the ge- 
nerated Area ab^ : 
Which Fluxion, if 
^ l^ d " A^=Ar,anci^Rz=y, 

will therefore be 
'^^yx : From whence, by fubftituting for y ox x (ac- 
cording to the Equation of the Curve) and takmg the 
Fluent, the Area itfeif will becorac known. 

CASE ir. 

113. Let ARM be any Cuvje zvh'Je Or:;:i\ *^s CR, CR 

are all referred to a Paint cr L enter. 

Conceive a Right-line CRH to revolve about the 
given Center C, and let a Point iL mc>vc aloi'.j \a^ 

fkid 
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(aid Line, fo as to trace out, or defcribe the pfopded 
Curve Line ARM. 

Now it is evident, that, if the Point It viras to move 
from any Pofition Q; without changing its DireSion and 

Velocity^ it would 
proceed -along die 
Tangent QS (in- 
ftead of the Cune) 
and defcribe Areu 
QxC, QSC about 
the Center C, pro- 
portional to die 
Times of their Dc- 
fcription ; becaufe 
thofe A reas, orTri* 
angles, having the 
fame Altitude (CP|, 
are as the Bafes Qf 
and QS) and thefe 
are as the Times^ 
becaufe die Mo' 
tion in the Tangent 
(upon that Suppofition) VTOuld be uniform. 

Hence, if RS be uken to denote the Value of (x) 

the Fluxion of the Curve Line AR, the correfponding 

Fluxion of the Area ARC, will be truly reprefented by 

•Artaindthe, uniformly generated. Triangle C^*: Which, 

^ putting the Perpendicular (CP) drawn from the Center 

QSXCP 

to the Tangent, =/, will therefore be (= — r-^ = 

--■ i'from whence the Area itfelf may be determined. 

But, fince in many Cafes, the Value of se cannot be 
computed (from the Property of the Curve) without fome 
Trouble, the two following fixpreffions, for the Fluxion 
of the Area, will commonly be found more commo- 

dious, VIZ'. — and -rr ; where / = RP and x = the 

Arch BN of a Circle, defcribed about the Center C, a< 

anj 




t 
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my Diftance tf ( = CB). Thefe ExprefGons are de- 
lved from that above, in the following Manner \ viz, 

«:>::> <CR) : t (RP) • j therefore i = 7- J and • Ait. js. 

confequently T" ^= ^ > which is the firft Expreffion. 

Again, becaufe the Celerity of R in the Diredion of 
the Tangent is denoted by z, that in a Dire£^ion per- 
pendicular to CQ^ (whereby the Point R revolves about 

CP 

the Center C) will therefore be (= ^ X i ) • = • Ait. js- 

• 
1% 

— ; which being to (x) the Celerity of the Point N 

(about the fame Center) as the Diftance (or Radius) 
OR (j) to the Radius CN {a) we fhall, by multiplying 

il -^ asz. 

Extremes and Means, have — =y^; and confequently 

y 

SX y*x 

^ = ' — 5 which is the other Expreffion. 

The Method of applying this, together with the pre- 
^^ing Forms, will appear at large from the following 
Examples': Wherein x^ y^ '%, and u are all along put to 
denote the Abfciflfa, Ordinate, Curve-line, and the Area 
^fpedively, unlefs where the contrary is exprcisly 
Specified. 

EXAMPLE I. 

I T4. Lit it be propofed to determine the Area of a rights 

angled Triangle AHM. 

• 

Put thcBafe.AH=fl, the Perpendicular HM=i; and 
let AB (x) be any Portion of the Bafe, confidered as a 
flowing Quantity, and let BR (y) be the Ordinate, or 
Perpendicular, correfponding : 

Then, 
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Then, becaufe of the fimilar Triangles AHM and 

hx 
ABR, it will be, fl : * :: ;p : >' = — : Whence jx 




♦ Art. 111. (the Fluxion of the Area ABR*) is, in this Cafe, = 

hxx 
. — ; and confcquently the Fluent thereof, or the Area 

t Art. 77» itfelf = — + : Which the«:efore, when xzzui^ and BR 

ah AHXHxM 
coincides with HM, will become --- = =2 

the Area of the whole Triangle AHM \ which we alfo 
know from other Principles. 

EXAMPLE II. 

115. Let the Curve ARMH, whofe Area you would find^ 

s he the common Parabola, 



In which Cafe the Relation of AB (x) and BR (y) 
being expreiled hy y'^zziax (where ^ is the Parameter) 



1 L 

7. z 



Art. iia. yjQ thence getyzz.ax j and therefore u (== ^^ J ) 

= a^x^x : Whence « = 5 X a^x^'zn^ a^x Xx = ^yx 

(becauic 



i 



in [fading Areail 



^25 



Z Z 

2 2 



' {hcc2L\xka X —y) = f X AB X BR : Hence a Para- 
isla is J of a JR^^ angle of the fame Bafe and Altitude^ 



r 




The Area is here found in Terms of x ; but it will, 
niany times, be more eafily brought out in Terms of jr 
(without radical Quantities) as in the very Cafe laft 

pit>poleu : > . '•» (* V 1 *- -v* -ic -- , we therefore have Ar= 
; and confequently u (yx) = -^ — : Whence «= 



a 



2;^ 



«l« 



2y 



E X A -vl P L E in. 

^X6. Z^/ARM (/I'^ //>'^ precding Figure) be a Par a^ 
bole of any Kind ; whsreof the general Equation is 

tnrit HI fi 
y •zz.a X . 

Therefore, by extrafting the Root, or dividing each 



J^xponcnt by w+», we have y^.a X^ S whence 



u 
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u (yx) :=za Xxx ; and confeqiiently u (the true 

X 



Fluent,' or Area) = «"*• X 



+1 



arhi 






1 -^= — ; Xw= — r— X 



ABXBB. 

No Notice has been yet taken of any conftant Quan- 
tity to be added to, or fubftraded from, the variable 
One, firft found, in order to render it complete, agrees 
able to the Obfervation in Art. j8. 

But that no fuch Corredion is required in any of the 
preceding Examples, b evident from the Nature pf the 
Figure ; becaufe, when x and y are nothing, the Area 
(si) ought alfo to be nothing, which it a^ialty 1$ ac- 
cording to the Equati; ns above exhibited. ^ 

The Fluent found in the fucceeding Example^ will, 
however, (land m need of a Corredion. 



EXAMPLE IV. 

'-r ..• 

117. Tf^ere it is p'ropofed to find the Area of the Curve 
ARH, whofe Equation is x^ — «V*+^*J'*=0. 

Here, the given Equation is reduced to j = 

xXa^—x^^"^ • /_ ., a'^—x^^^Xxx 
; whence u [z=: yx ) :=i 

a a '" 

• Art 77. Whereof the Fluent (by the common Rule*) is — 



^ 



ft 



» ' 
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I 



Za 



: Which^ when x:slo and k=:09 becomes **-« 



*---^ 



3 



— ; this therefore fubtra£led from — - 

1 



.) leaves 



a^—x^^ 



3 3^7 

Value of the Area ABR * 

When the Ordinate BR 



for the Fluent corrected, or the true 



( 



X \/a' 



") 



Ast^%t 



becomes 



equal to Nothing, and B coincides with H, then x will 
become =«= AH ; and therefore the Area of the whole 

Curve ARH will be barely == — = f AH*. 



EXAMPLE V. 
118. Lit it be requirJd to determine the Area ef the 
hyperbolical Curve whofe Equation is x y p4 



a 



_ n 



A-n -«• 



In this Cafe we have y = 



= a 



Xx' 




9 



and 
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and therefore « (: 

wrYn 



n <^^ n . 



m 



IS 



zyx) = a " X;r ^t:Whofe Fluent 

«+« II— HM 

- s wbich> when i^is 



I — 



m 



n 



n — ;// 



M 


\M 




* 






R 




A 




^^"""^1^^ 


— — — H 



B 



H 



=0, will alf") be =o, if n be greater than »i : There- 
fore, the Flue.'t requites no Corred ion in this Cafe ; 
the Area AMRB. incluvied between I'le Afymptote 
AM and the Ordinate BR, beuig tiuly aefined by 



na " X^ " ) 
n-m J *' 



the Q^iantity above determined. 
But, if n be lefs than m^ then the Fluent, when xzzlo^ 



will be infinite (becaufe the Index 



n — m 



n 



being htga- 



:) 



tive, becomes a Divifor to ncT^^,} Whence the 
Area AMRB willalfo be infinite. 

But)here,the AreaBRH comprehended between the Or- 
dinate,the Curve, and the Part BH of the other Afy mptote. 



m\n 



is finite, and will be truly expounded by na Y^x , 

« _ 

the fame Quantity with its Signs changed. For the- 

Fluxion 
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Fluxion of the Part AMRB being « * Xjt * ^, that 
of its Supplement BRH mult confequet- ly be — 

t-JL f^Ht — — — 

n « X;^**: Whereof the Fluent is — l-li^l— 



m 
n 



s= a Xx ^^ 



mia^mt 



— •^^'■ 

= the Area BRH : Which want$ no 
t n n 

Corredion ; becaufe, when x is infinite, and the Area 
BRH := o, the faid Fluent will aifo intirely vanifh^ 

feeing the Value of ^ " (which is a Divifor to « * / 
J9 then infinite. 

E X A M PX E VL 

119. fVhir$ let it be required to determtte the Area of 

the circular Se&or AOR. 

Thdi^ . putting the Radius AO (or OR) ac a^ the 




Jit& AR (confidered as variable by the Motion of R) 
' s=it, apd "Bjrzzi^ the Fluxion of the Area will here 

K be 



13© 7be U/e of Fluxion^ 

• Aifciij. be exprefled by — (=:the Triangle ORr • :) Whena 

die Aiea Itfelf i* = ~ :£: AOXfAR : From whid it 

appears that the Area of unr Circle is exprefled by a 
Re£bmgle under half the Circumference and half Ac 



EXAMPLE Vn. 

120. Wherein it is prepefed to determine tbe Area CBAC 

ef the legarithmic SpiraL 

Let the Right-line AT touch the Curve at A ; upon 
which, from the Center C, let fall the Perpendicubr 
CT : Then, fince by the Kature of the Curve the 




Angle TAC is every where the fame, the Ratio of AT 
(t) to CT (s) will here be conftant : And therefore the 



s ^ . ..» 



• Art.113. Fluent of-7X^» = 4x^=*c Area which 

* 2 t Am 

was to be found. 



£X< 



in fining Areas. 



«3» 



E X A M PLE VIII. 

i2l. Let thi Curve ARM ^^ the Involute of a given 

Circle /VOQ, 

In which Cafe the intercepted Part of the Tangent 
XP (t) being every where equal to the Rauius CO {a) 




of the generating Circle, we therefore have CP (s) iaer 
\/CR^=p"0 =\/7^* : Whence « (=^«VArt.tn^ 

3s 2CJLZIlf^,.J21 ; and confequently ir=: . ' ■ 3f . 

CP3 

T?^ = the required Area ACR : 

Which will alfo exprefs the Area ARO generated by 
die Radius oLEvoIution RO s becaufe, RO being == 

K a the 
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• Aitiif the Al-ch AO, the Scftor AGO ( f AO X OC •) i 
equal to the Triangle CRO (f ROXOC) which equal 
Qjiantities being fucceffively fubtrafted from CAROi 
there remains AOR=ACR. 

EXAMPLE IX. 

I22t Lft thi Curvi CRR) pAofe Area CR^C jm 
would find^ ii ibi Spiral of Ardbimedes* 

Let AC be a Tangent to l^e Curve at the Center 




C, about which Center, with any Radius AC (=:tf} 
fuppofe a Circle A^g to be defciibed ; then the Arch 
(or Abfcifla) A^ correfponding to any propofed Ordi- 
nate CR, being to that Ordinate in a given^ or oon* 
ftant. Ratio (fuppofe as m to ») we have x (Ag) ^ 

^ ; therefore « =s — = ^^ » ^^ confequentljr tf 
cc g^ =s the Area CI^R^. 



EX- 



?». finding Areas. 
EXAMPLE X. 

la J. Lit ibe Equathn of the Spiral CRR (fee the laft 
Figure) be ;r=*y+ry»+rf;^3+^^4+^s+£5f^. 



*33 



Then, X being = i;? + ^cp + 3^/^ + 4^;'^ + £^^. 
we (hall have tt ( = ^—1 = — ^ +"Tr + "^^7" 

4/ySy Jy3 2ry^ 

+ ^ + ^f . and therefore ^^ = ^ + "^ + 

lotf ^" l2« ^^* :?; the tnie Value of the Ar«| in 
thb Cafe. 

EXAMPLE?!. 

124* Let it be propofid to find the Area of a Semi* 

circle AREH. 

Here, potting the Diameter AH=:0, AB=:Xy and 
^^==}r isTf . (as ufual) wc have ;^* (BR*) = ^;r 7- w 




(ABXBH), and confequently « (yi) zzx^yax—xx =3^ 

a x^xX I r : Which Expreil^n not being of the 

Kind defcribed in Art. 83 and 85. that admit of Fluents in 

K 3 fimte 



1 5J4 ^^^ l/j^ ^ Fluxion s 

finite Tennsv kt it therefore be refolved into an I 
^99- finite Scries*, and you will have « = a^ ;r jr X 



■•■^ 



. % X* x^ 5^^ f I. 

I — — — TT-L — ■ / • — ^o ^ ^c% z^ a X * jr — 



XX XX XX 

-— * — -^ — — --7 — &^f . From whence, the Fluent (rf 
tvcrv Teim ocuig taken, according to the common 

S 5 

M' t "iod . there will f ome out if = X — — — 
3 5« 

A^* Af^ 5' * crf y — w 

— -_- — — ..2 ^c. znxs/ax X 

[ n 1 1 

"■■•^ o~; — rr^ — TZ~x — ^^* =theArca 

ABR. Now, when jr = f^, the Ordinate BR will 
^in^ide with the Radius 0£ s in which Cafe the Area 



becomes = la\/laa X t — ry — xtx — ttt — 



a^ 



vT 



Ti4.<rT &?^. = -r- X 0,6666—0,1—0,0089 — 



c '^,^oO/\.^c. =0,1964^*; which, multiply^ 

by 2, give§ 0,3928^?* for the Are^ of the Semi-circle 
AEH, near'y. 

As V^c foregoing Series, in finding the Area of the 
whole QuaVant AGE, converges but flowly, a con- 
fider blc Number ol IVrms ought therefore to be taken 
to have the Conclurum hut toleribly exa6^, the five 
firft Terms above (:olle£led heing fufEcient to bring 
out no more rhan three P aces of Figures that can be 
depended on. F r which R^afon it may be of Ufe to 
confiiJer, whether, by computing the Area of fome par- 
ticular Portion (ABR) of the (aid Quadrant, ths^t of (he 
lyhple tfi^y not be deduced ^ where x being fmall in 

comr 
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comparifon of a^ the Series may have fuch a Rate of 
Convergency, that a fixialler Numiyr of Terms will 
be fufficient *. • Art. 91, 

Now, in order to this, it is well known that, if the 
Arch AR be taken = f A£ (or 30 Degrees) the Sine 
BR will be = I AO i and confequently AB (x) = AO 

~OB= AO-a/OR*— BR* ; which, if the Radius AO 
be expounded by Unity, (to facilitate the Operation) 
will be =0,1339746 verv nearly : This therefore, with 
the Value of a^ being fubftituted in the forementioned 




Series, \rax^ X - — ' — — ro^ — ^c. we have 



©10^93505X0,6666666 — 0,01339751—0,0001603 — 

0,0000042 — (^c. = 0,0693505 X 0,6531046 =. 
0,0452931 = the Area ABR : Which added to the 

AreaOBR (=OBX|BR = \/| X i =0,2165063) 
gives 0,2617994, for the Area of the Scftor AOR ; 
the treble whereof, or 0,7853982 (becaufe AR= J AE) 
will thf:refore be the Content of the whole Quadrant 
AOE : Whi^h Number, found by taking four Terms 
of the Series only, b true to the laft Decimal Place. 

This Conclufion may be otherwife brought out, 
by finding a Series for the other Part of the Area, in- 
cluded between the Radius OE and the Ordinate BR ; 
wherein the Confine OB (inftead of the verfed Sine AB) 
will be the converging (or variable) Quantity. 

For, putting OB = Jir, and OR (O A) = *, we 

have y {BK z=z \/OR*— OB* zzi'F—x^'' ; and 
confequently (yji) the Fluxion of the Area OBRE ♦ = * Art. ii». 

. \k x^x x^x x^x cx^x 

2b 8^' 1 6^5 125^^ 

— ^ . ifc. Whence the Area itfelf is = bx — tt — 

^^ x'f ^x^ 7Ar" 

40^"" 1 12*5 ~ 1152^7 ~ 28 1 tb^ ^^* 

K 4 * Now, 



^^6 ^^Z]^erf1?LVXiQVii 

Now, if A* (OB) be aflumed = | AO (fe tb^t the 
Arch ER ipav bf = * AE) and ihc Value of b (AO) 
be expounded by Unity, we (hall have 

*s (=jr3X^»=:-^j =.03125 

ff'' (=x*X*»=- ) =,007812$ 

i* (=:*7X*»=— j =,0019531+ 
*" (=:gf*Xjf* = — y =,0004883 — 

Which Values of the Powers of x being refpediyely djr 
yided Dy 6, 40, 112, 1152, 2816, (^c, there will refult 
0,5000000 — 0,0208 J3^ -7-0,000781 2-7:r 0,000069^ 
•— 0,0000085 — 0,0000012 —r 0,0000002 (sfc, = 
0,4783057, tor the Area OBRE in the forementioned 
Circumftance^ when OB = f OA : From wliich, dc» 

during ^he Triangle OBR (= \/l Xt = 0,21155063) 
the Remainder ,2617994 will cunfequently be the Are^ 
of the Sector EOR j the crei^e whereof (becaufe ER 
|s, berey = ' Ab) will give the Area of the wholj 
Quadrant, 0,7853982; as before. 

EXAMPLE XII. 
125. Let the Curve ^ whofe Area you would find^ be th^ 

CiJJ'o d J Diodes \ whereof the Equation is y^zzi — — • 



f Art. ii». Heie wp hivc u (ji*) = -4=4=. = ^ 



t 



' 2« finding Aretu , lyf- 

» t -' ■ - 

S ^X I— — 1 * Which being noi^e of the Kind 

that admit o^ Fluent^ in finite Term? *, let it therefore tod 85, ^ 
be refolyed int) an Infinite Series, and you will have ii^= 

t ■ 

-|-X' + ^ + S?+ib^ + tl8^+^^' = ^X 

a a 



5 7 9 



x^;r + ^-^ + i^^ + ^l-^+&fr. Whence « (the 






5 2. 
+ — + 



Area itfelf) will copie out =— r-X + — 



' 2 4.x 



|2tf' 



+&' + ^'--'V7^l+7-«+I&+ 






EXAMPLE Xnj. 

J 26. Z^// /iJ'^ profofed Curve CSDR ^e of fu h a Nature^ 
that ' /upp'Jifg A B Unty) th Sutn f the i^eas 
CSTBC and v DuBC anfuuering to any two propojed 
JbJ'c "^as c\V an'\\(3t: Jhali be ei^ua: to toen^ea 
CKNBC who'it cO' refpondi' g Abfvjfa aN h equal to ^ 
ATX AG, the ProuuSl ^f the Mtafwes of the twQ 
former AbjcifJ'as* 

• • • 

Firft, in order to determine the Equation of the 
purve', (which mud be known before the Area can be 
jfound) let the Ordinates GD and NR move parallel to 
tbemfelves towards HF ^ and. then, having put Gi^^jr, 



ij8 Tie Ufe ^Fluxions 

NR=«, AT=^, AG=x, and AN=:ir, the Fluxion 
of die Area CDGB will be reprefeftteS hy ys^ and that 




A B T G 



N 



•Aft IIS. of the Area CRNB by 2« • : Which two Expreffions 
muft, by the Nature of the Problem, be equal to eacjj^ 
other ; becaufe the latter Area CRNB exceeds the for- 
mer CDGB by the Area CSTB, which is here con- 
fidered as a conftant Quantity ; and it is evident that 
two Expreffions, that differ only by a conftant Quan* 
tity, muft always have equal Fluxions. 

Since, therefore ys is 332yi, and «=<? j, by Hypothejis^ 

it follows that i z^ias^ and that the firft Equation (by 

fubftituting fox u) will become ys^siazs, ory=^z, or 
laftly yi=s:2W5, that is » GDXAG=NRXAN: There- 
fore GD : NR :: AN : AG j whence it appears that 
every Ordinate of the Curve is reciprocally as its cor- 
refponding Abfciffa. 

Now, to find the Area of the Curve fo determined, 
putBC=^, andBG=;;ir: Then, fince AG (i-j-jk") 

: AB (i) :: BC (b) : GD (y)vft havey ——r-^ ^^ 

bx , ■ j»i — 

confequently « (^=^y^) = "TTT ^^ ^^ ^ — xx-^x^x — 



x^x -|- x^x 



tfr,. Whence, BQDC, the Area it- 

fclf 



. K 
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fdf will be = bXx^ ^ + ^ -^ "^ + ^c.Which 

2*3 45 

Vi^as to be found. 

It may be l^ere obferved that the Areas of the Spaces 
above mention: d, are analogous to, and have the very 
fame Properties as Logarithms ; and that thofe Spaces, or 
Lo^rithms, may be bt different Forms or Values, ac- 
cordint as you rake the Value of the firlt Ordinate BC, 
which mav be afTamed at Pleafure : Thus, if BC be 
taken :^AB=:Unity, the Curve will become an equi- 
lateral Hyperbola whofe Center is A (becaufe then AG 
XGD=AB*) and in that Cafe they are called hyper- 
bolical Logarithms : But, if BC be takep=0943429448 
(fo that the Logarithm, or the Are^ pf the Space 
CDGB, anfwering to the Abfciffa AG, vi^hen expreffcd 
bv tbe Number lo, may be iCxpounded by Unjty, pjr 
AB*) we (hill then have the common, oiBrtgean Form 
of Logarithms. 

From thefe Logarithms (given by %h^ Tables) the 
Bufinefs ot fipijing Fluents, is in many Cafes, very 
much facilitated : For, if the F}uxion given appears to 
agree with the Fluxion of ^ny known Logarithmic Ex- 
prellion, its Fluent may, it is evident, be had by the 
Tables, ready calculated, without the Trouble of an 
Inhnite Series. 

But, now to know what Kinds of Fluents are ex- 
plicable by Means of Logarithms, it will be riCCeffdry 
to observe that, the^ Fluxion of any hyperbolic Logar ithm 
is always exprejfed by the Fluxion of the correfponding 
Number^ divided by that I^umber ; This appears from 
above, where (yx) the Fluxion of the Area (or Lo* 
^ithm) BGDC, when BC=:AB=i, is truly repre- 

fented by . s where i+* (=AG) may ftand for 

giyy Kumb^r whatever ; and i: for its Flexion* 

Hencg 
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X 

Hence the Fluent of ■ ■ will be ezprefled hf 

the hyperbolical Logarithm of x^x/x^-^* : For the 

Fluxion of (*+v/7yb^*) the Number itfclf, being * 
^* x\/x*^^a^^ XX X 



**" ^x^r^a^ ^ •^*.a»>.» "^ -. y ^»-j_^* 



X \/?±F + J^» thb laft Qjjantity, divided by that 

X 

Number, gives ■ y.^ ■ ■ ^ > the very Fiction firft 
propofed, 

X 

It alfb appears that the Fluent of — . . , ^ will b^ 

\/^ax+x^ 

truly expounded by (he hyperbolical Logarithm of tf -f 
X + x/zi^Hpj?^: Becaufe the Fluxion of the Number 

(i^-iJif +\/5U7Jf+Jf*) is here = at + 



V^OiMr+jrjf 



^ III 
^^Tfix-^xx 

by, that Number producer 



X s/insT^^ -{- a -{- X J which divided 



I ■■ ■ • 



V^2<?Jf-(-JfJP 



7.ax 
Likewife the Fluent of \^ ^ will be reprefented by 

I 

c^x 

the hyperbolical Ix)garithm of ' — — : Becaufe, , the 



• a-^x xXa — A'-f-xXtf+A' 2ax , 

FI««ion of ^=i . being - -^ 



u 



if the fame be therefore dividcfl by - — :, we (hall have 
QXix a — X lax 2ax 



taftly, the Fluent of — ; ■; will be denoted 

1 — \/t 



by the hyperbolical Logarithm of . ^ ; for 

here the Fluxion of the Number is —;==== X 

' —^ »^ — » \^ . St 

3r *- . } which divided by 






gives 



* 



Zf 2axx lax . 

^= — — r= ■ > ' ?■ , the Fluxion pro- 

\/a^±x^x^»^ ^V/«*±^* 

pofed. 

Thefe four are the principal Forms of Fluxions; 
whofe Fluents may be found from a Table of Loga"- 
rithms of the hyperbolic Kind : Which Table, upon ^ 
Occafion, may be eafily fupply*d by a Table of the com- 
mon Form : For, fince the hyperbolical Logarithm of 
any Number is to the'common Logarithm of the fame 
Number, in the conftant Ratio of Unity to 0,43409448 
(as appears from above) it follows that if any common 
Logarithm be, either, divided by 0,43429448, or mul- 
tiply'd by its Reciprocal 2,30258509, you will thence 
obtain the hyperbolical Logarithm corr^ponding* 

EX- 



i4a 



W# XJfe d/Thvtiosi 



EXAMPLE XIV. 

127. Lit it he req^'iredto determim the Area oftbe Curve\ 
wbofe Equation is 0^/--jir*/— tf '3=0. 



a^ 



• AitSis« 



In which Cafe j being = -^^i—^j wc have i (=y*)* 
a^x 



x*x 



% ^ = ^* + ^ 
tf* — XT a 



X^X ^ 



X^X 



x^x 

fly" 



+ tfr. 




M 



j^S jpS y7 j^ 

Whence « = j;ir + — + — r -I 1 + -— : + £sfr. 

s: the Area fought« 

But the (ame Area (or Fluent) may be found with- 
out an Infinite Series, by Means of a Table of Xx)- 
garithms, agreeable to the Obfervations in the lalt Ar- 
ticle: For, fince it there appears that the Fluent of 

lax 
' ^aj,.^» is truly expreffed by the hyperbolic Logarithm 

tf+Jf a^x / ^x , \ 

of , it follows that that of -r r I =-r :X f «* ) 

a — X* d» — ;r* \ j» — x^ * / 

will be exprefTed by the fame Logarithm multiply'd by 
I A*. Thu8> for Example (ake, let a ( = AC) be 

taken 



ill Ending Arsasi 



H3 



a-^x 



tdcen =rio, and x (=AB) =5 j then win Ti:*l=3; 



whofe Logarithm taken from the common Tables 
is 0,4771213 ; which multiply 'd by the Modulus 
2930258509 (fee the laft Article) gives 1,09861228 

a'\'X 
for the hyperbolical Logarithm of ; and dib again 

multiply 'd by 50 {\a^) produces 549930614 for the 
true Value of the Area ABRC, in the aforelaid Circum* 
fiance, when AC=io, and AB=5, 

EXAMPLE XV. 



128. ff^ere tbi propofed Curvt is that wbofe Equation is 
Here, by reducing the given Equation, We get y rs 



: Therefore yx:=z 



a^x 



Whence, the Fluent of 



\/^*+A* 



■MM i» 



• Aft. til* 



v/?+^ 



being =s hyperb. 




a^x 



Log. of 4r + i^a^+x^ (by Art. 1 26.) that of ■■ >— -^ 

will confequently be = the (ame Logarithm multiply^ 
by a*. 

But to find whether the Fluent thus determined does 

not need a Corredion t% let «• be taken so i then the j Ait, 7S. 

Fluent 



tU 



^jtit»iti 



Fluent will become = hvp, Log., tf : X<i* : Which, tlie^ 
fore, muft be fubftrafied, to have the true Value of Ae 
Area A C^B * ; and then there refults a* X hyp. Log. 

X + \/flHh** — ^* ^ hyp* Log. uiaa^HhypiLog* 




EXAMPLE XVl. 

229. Lit it be profo/ed to find the Ana oftht HyperUi 
ABD, and alfo the Area of the hyperholical Si£lor 

, CAD ; fkppofing C to be the Center^ and A the prin- 
cipal Vertex of the Curve • 

Here, putting the Semi-tranfverfe Axis CAz:^^ the 
Semi-conjugate =: c^ and CB = ;ir ^ we havej bjr dir 




ex /~ 

an4 therefore u'=zyx:=, — ^ *•*—«* == the Fluxion 

t Aft. itSi of the Area ABD %. 

. But to find the Fluxion of the Sedor CAD, it is 
to be obfervedi that as the (aid Sector is = CBD — 

ABD=j^-^ir, its FJuxion will therefore be ;= 
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-^ + '^ — »=— — "^^ (becaufe u =zyx *) which, * Art. inr. 

^2 2 2 

by fubftituting for y and ^, their Equals " ^ x* — «* 

cxx cc 

and . , is at length reduced to — X 

X , M r ^^ 

= : Whereof the fluent (by Art. 126.) is ^ 



X hyp. Log. X 4" s/x"^ — «* J which correfted (by 



ac 



making x-zta) will become -- X hyp. Log, x + 
V^x*-— fl* — — X hyp. Log. /7 = — X hyp. Log. 
H-\/.y^— g^ _ ^l^g SgQ^j p^^Q . Which, fubtradlcd 



<2 



from <-^^^-«' (= = the Triangle ABD) 

cx\/x^—a* ^^ w u T »+\/x'' — a* 



leaves — 31 X hyp. Log, 

2a ^ a 

for the required Area of the Hyperbola ABD, 

EXAMPLE XVn. 
130. Let the Curve prepofed be the Ellipjis AEB. 

Then, putting the tranfverfe Axis AB=<?, and the 
Conjugate (2CE) == r 5 we (hall, by the Property of 

the Curve, have y (DR) = -s/ax — iVjr, and there- 



fore u (yx) = - X x" \^ax — A".* = the Fluxion of 
' a 

the Area ARD. 

L But 



ft 
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But X \/ax — XX IS known to exprefs the Fluxion of 
the correfponding Segment AD» of the circumfcribing 




D B 



Semi-circle; whofe Fluent Is^ therefore, given, hjArt* 



I ^4 \ which being denoted by A, that of — Xx\//ax^^x* 

will, confequently, be = — X A. Hence, the Area 

of the Segment of an EUipfis,' is to the Area of the 
correfponding Segment of its circumfcribing Circle, as 
the lefler Axis of the EUipTis is to the greater ; whence, 
it follows that the whole EUipfis muft be to the whole 
Circle in the fame Ratio. 



EXAMPLE XVIII. 

131, Let the Curve AR &c. tvho/eJrea CARSycutnuU 
find^ be the Conchoid of Nicomedes. 

Whereof the Equation (putting BC=<7, and RV 
(= AC) =4) is xY = at) * X b^- (Fid. Art. 57.; 

Which, by Reduftion, becomes x = ^'^ ^ 




14^ 



D F 



s/b'—y'^ : But, to* bring it down to a, Jiill^ more 
fimple Form, make \/b^ — y^ (=SV) =: z \ then ;'= 

\/b^ — z* i whence, by Subfiitution, Jir =z 



+ 25 and confequently i* = 



\/i* — 



V^^*— J 



b'^—%' 



aiXb^'—z^'+az^i 






i* — z*xv/^*— z* 



-h« = 






/»*— z* X v//>»— i 



+ « ; 



<7^*« 



^*_a*Xv/^», 



and therefore » f)'^^ = \/b^ — »*x 

But now, to exhibit the Fluent hereof 5 upon C, as a 
Center, with the Radius AC (b) let* a Quadrant of a 
Circle AED be defcribed, and let RH, produced, meet 
the Periphery thereof in E, alfo let EF be parallel to 
AC, and let CE be drawn : It is evident (becaufe CE 
(CA) ='VR and EF= RS) that CF is alfo = VS 

= z; and therefore, EF being (=\/Ch* — cF*) = 
\/Z>*-— z*, it appears that z \/b^ — »* ( the fecond 

L 2 Term 
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Term of dur given Quantity) exprefles the Fluxion of 
the Area AEFC : Whence, if to this Area (found 3y 
the Table of Segments) the Fluent of the firft Term 



ab 



th 



Art. 126. . ^ , or the hyp. Log. of rfj^* X f fl* *, be added, 

the Sum will be the whole Area ARCS, that was to be 
determined. 

EXAMPLE XIX. 

132. Let it be required to determine the Area ASRA 
included by the common Cycloid ASM and its generating 
Semi -circle ARH. 

Put the Radius AO (or RO) = a^ the Sine BR=jf, 
the Co-fme 08=;^, and the Arch AR (=RS, by the 
Property of the Cycloid) = z : Then AB being = 41 




B O 



— z^ its Fluxion will be 

Art. III. Area ARS is =— a^ *• 

of, make «; = — »^ (= 



-« ; whence [u) that of the 
Now to find the Fluent there- 
: the Fluent, if z was con- 

ftant) 
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ftant) then ^ being = — zir — jr«*, we (hall have • Art. lo. 
u (= — %x) = w + ;f«. But ( hy Art. 35. ) » 
(AR Fluxion) \ y (BR Fluxion) :: Radius : Co-fine of 
the Angle ARB, or its Equal ROB :: OR (a) : OB {x) : 
Therefore, by multiplying Extremes and Means, we get 
xxz^ay : Whence, by Subftiiution u (=«w'-f"'*'*) = *^ 
+ ay \ and confequently, by taking the Fluent, u = 
w + ^7y = — z;f + tf;p = AO X BR — BO X AR = 
the Area ARS. 

Hence it follows that the Area (AEFA) when RB 
coincides with the Radius FO, is barely = AO X FO 
= AO*: And that the whole Area AMHFA is truly 
defined by— ARH X— OH, or by ARHXOH ; that is 
by four times the Area of the generating Semi- circle. 

EXAMPLE XX. 
133. Let the Curve propofed be the CztcmTi2L DAB. 

Then, drawing BS and bs parallel to the Axis AC, 
and AS and chn perpendicular to the fame ; and making 
(as ufual) Ac =:^, cb=:y and Ai=z, we (hall have, by 




the Property of the Curve, lax+x^zzizz : Whence xz=: 

« 

S/V^z* — tf, and x = 



\/fl*+ z' 

L3 



: From which the 

Value 
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• Art us. Value ofy (which in all Curves is = \/^^* *) 
will here be found =: / i» - — = ^ / "* *' 



• ■ ; and this multiply d by V^^*+2* "" ^ 

(=zbs) gives fli — —p===, (=: the Re6kngle Si) 

•Art ii». = the fluxion of the A'ca Asb *. From whence, by 
taking the Fiutnt, the Area itfelf is found = <7z, — «* 

t Art. 1x6. X hyp. Log. ?±V5!±£ f : Which therefore dc- 



a 



dufled from the Redtangle sc ( -ziyxz^y \/^^»-j- z* — ^j^) 
leaves y v/j* -f z* — ^7y — azy + a* X hyp. Log. 

— — ^ ' ^ for the required Area Abe. But, fincejfrr 

^ we have y=a X hyp. Log, ^+\/^^ + ^\^ 

V^tf*+z* a 

whence, by Subftitution, the Area, at laft comes out 

=y \/^*4" 2* — ^z, or = J V'tf * 4" ^* X i&y^. Zaj^. 
z+ v/^+ z* 

' L , I7Z, 

a 

Scholium. 

T34. At the Beginning of this, and in the preceding 
Sc6Vions, we have feen how the Fluxions of Quantities are 
determined, by conceivivg the genei-ating Motion to be- 
come urn form at the propofed Pofition ; according to the 
' true Definition of a Fluxion* : But hitherto no parti- 
cular Notice has been taken of the Method of Incre- 
me>:ts^ or indrfi'iitely I'fttle Parts, ufed (and miftaken) 
hy marty for that of Fluxions : In which the Operations 
are, for the general P^rt, exa^tl-. the fame; and which 
(tho' Icfs accurate) may be apply'd to go d Purpofe in 
finding the Fluxions themfelvts, in many Cafes. For 
which Reafons it may not be improper to add here a 
3 few 
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a few Lines on that Head, to (hew the Beginner how 
the two Methods diflFer from each other ; efpecially as( 
we (hall be enabled, from thence, to draw out fonie 
Conclufions that will be of Ufe in the enfuing Part of 
the Work. 

It hath been frequently inculcated in the foregoing 
Pages, that the Fluxions of ^antities are always n^a-^ 
fured by how much the ^antities ihemf elves would be 
uniformly augmented in a given Time. Therefore, if two 

A B / 

■ — i I » 

M 



D 






N 



Quantities of Lines, AB and CD be generated together, 
by the uniform (or equable) Motion of two Points B 
and D, it follows, that any two Spaces B^ and Hd 
aSlually gone over (wnereby AB and CD are aug- 
mented) in the fame time, will truiyexprefs the Fluxions 
*^of the generated Lines AB and CD : Whence it appears 
that the Increments (or Spaces aSually gone over) and 
the Fluxions are the fame in this Cafe, where the gene- 
rating Velocities are equable. 

But if, on the contrary, the Velocities of the two 
Points, in generating the Increments M 3 and N^/, be 
fuppofed either to increafe, or to decreafe, the Lines or 
Increments fo generated will, it is plain, no longer ex- 
prefs the Fluxions of AB and CD ; bemg greater, or 
left than the Spaces that might be uniformly defcribed, in 
the fame Time, with the Velocities at M and N. 

If, indeed, thofe Increments, and the Time of their 
Defcription, be taken fo exceeding fmall that the Mo- 
tion of the Points during that Time may be confidercd 
as equable, the Ratio of the faid Increments will then 
cxprefs that of the Fluxions, or be as the Velocity at 
M to that at N, indefinitely near j but cannot be , con- 

L 4 ceived 



I 
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cetved to be JlriSfly fo j unlefs, perhaps^ in certain par- 
ticular Cafes. 

Hence we fee that the Differential Method^ which 
proceeds upon thefe indefinitely little Increments (adually 
generated) as we do upon Fluxions (or the Spaces that 
might be uniformly generated) differs little, or nothing, 
from the Method of Fluxions, except in the Manner 
of Conception, and in Point of Accuracy, wherein 
it appears defc£bive: And yet it is very certain the 
Conclufions this Way derived are mathematically true ; 
which has afforded Matter of Wonder to fome : But the 
Reafon why they are fo is very eafily explained. For, 
although the whole complete Increment is a6JualIy un- 
derftood by the Notation and firft Definition (of this 
Method) yet in the Solution of Problems the exad 
Meafure thereof is not taken, but only that Part of it 
^ which would arifc f>om an uniform Increafe, agreeable 

to the Notion of a Fluxion; which admits of a ftrift 
Dcmonfiration : But, after all, the Dfferential Method 
has one Advantage above that of Fluxions, which is, 
we are not there obliged to introduce the Properties of 
M(nion. Since we reafon upoi> the Increments them* 
fclves, and not upon the Manner in which they may be 
generated. 

It has been hinted above, that, though the Increments 
of Quanities are not^ JlriSilyy as the Fluxions, yet 
• from them the Ratio of the Fluxions may be deduced ; 
and it appe.irs that the fmaller thofe Increments are 
taken, the nearer their Ratio will approach to that of 
the Fluxions. Therefore, if we can, by any Means, 
find the Ratio to wSich the faiJ Increments, by con- 
ceiving them lefs and lefi, do perpetually converge, and 
which they may approach, before they vanifli, nearer 
than any airigua^le Difference, that Ratio (called here- 
after, for OiftinCiion Sake, the Ratio limiting that of 
the hurcments) wil! be, Jlri£i!y^ that of the Fluxions. 

This will more particularly appear from the follow- 
ing Inflances; wherein the Manner of deriving the 
Rutio of the Fluxions, from that of the Incremens, 
15 Ihevvn* 

I*. 
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1®. Let it be propofed to determine the Ratio of the 

Fluxions of x and x*. 

Now, if X be fuppofed to be augmented by anjr 
(finall) Quantity x, fo as to become x-j^ Xj its Square 

(jf*) wilt be augmented to x-\'X i=: ;if* + '^^^^ + ^-^S 

whence the Increment of -v* will be 2Jf;(r •^'xx \ which 

therefore is to {^x) the Increment of x^ as ix^x to i. 

Hence, becaufe the lefler x is taken, the nearer this 
Ratio approaches to that of ix to i,. which is its Limits 
the Ratio of the Fluxions will therefore be exprefled by 
that of 2^* to I, or, which is the fame, by that of 2^";^ 
to X (as inJrt,t.) 

2?. Let the Ratio ^ of the Fluxions of x and x be 

required. 



' n 



Then, if x be augmented to x-^^Xj x will be aug- 

\n 

incnted to x + x =z x -j^nx x -f- — X 



1 2 . 



X A-^+T X X ' X x^ ^c. (Vid.Art. 

» 1 2 3 

99. ) Whence the Increments of x and x will be to 

each other as i tow^ + "7" X ~t~^ •*'+"r' 

* I 2 I 



n — I «---2 - I # 

X X ^xx ^c. Where the fmallcr 



X is taken, the nearer the Ratio wiU approach to that 

of 



^54. 
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Mi^J 



of I to Av ; which appears to be its Limit: There* 

fore this laft Ratio, or that of x to nx^^^x^ is theRa- 
tio of the Fluxions required. (Vid. ArU i.) 

3^ Let it be propofei to ditermine the Proportion af tit 
Fluxions of the Sides AC and BC, of a right-angledy 
plane Triangle ABC j fuppojing the Perpendicular AB 
to remain invariable* 




If Cd be aflumed to rcprcfcnt any Increment of BC ; 
and Di, the correfponding Increment of AC (=AD) 
the Ratio of thofe Increments will be, univerfally, ex-^ 
prefled by that of the Sine of the Angle CDd to the 
Sine of the Angle DCd (by plane Trigonontetty) and the 
lefs the Increments are fuppofed to be, the nearer will 
the Angle CD^ approach to a right one, or to an Equa- 
lity with B ; which is its Limit : And the nearer will 
T>Cd approach, at the fame time, to an Equality with 
BAG. Therefore the Ratio here limiting that of the 
Increments is that of the Sine of B (or Radius) to the 
Sine of BAC : Which alfo exprefles that of the re- 
quired Fluxions. (Vid. Arf, 35. J 

In the fame way the Proportion 'of the Fluxions of 
•ther Kinds of algebraical and geometrical Quantities 

may 
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may be inveftigated ; but it will be unneceflary to dwell 
longer upon this J^ead : I (hall therefore only add one 
other Obfervation from hence (which will be of ufe 
hereafter) relating to the Value oif an algebraic Fra£tioQt 
in^at particular Circumftance when both its Numerator , 
and Denominator become equal to Nothings or vanifh, 
at the fame time. Which Value (it follows from above) 
will he found by dividing the Fluxion of the Numerator 
by that of the Denominator, 

For, fmcc the Value of any Fra£lion, in that Cir* 
cumftance, is to be looked on as the limiting Ratio to- 
wards which Its two Terms converge, before they va- 
nifli, and feeing the Fluxions are, always, cxprcfled by 
that Ratio, the Truth gf the Rule, or Pofitioo, is 
maoifefL 

An Example, however, may not be improper : 



x'^—a'^ 



Let therefore the Frafljon — be propounded, to 

• 

find the Value thereof when x^=m. In which Cafe, 
the true Value fought, or the Fluxion of the Nume-^ 

rator divided by that of the Denominator, is = — r- 

X 

z^2x:=z2a. And that this is the true Value, may be 
confirmed by common Divifion, whereby the Fra&ion 
propofed is reduced to x-^-ai whofe Value when xzzza, 
is therefore =2^7, the very Jame as before. 
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SECTION VIII. 

The Vfe of Fluxions in the Redlification^ or 
finding the Lengths ^ of Curves. 



135 



CASE I. 

LE T ACG be a Curve of any Kindwhofe Or- 
dlnates are parallel to them/elves and per' 
pendicular to the Axis AQ^ 

If the Fluxion of the Abfcifla AM be denoted by 
Mm^ or by Cn (equal and parallel to lAm) and nS, 
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Q. 



•Art. 48 
and 49. 



equal and parallel to Cr, be taken to reprefent the cor- 
refponding Flujcion of the Ordinate MC ;. then will the 
Diagonal CS (touching the Curve in C *^) be the Line 
which the generating Point (p) would defcribe, was its 
Motion to become uniform at C (Vid. ArU 48 and 49.) 
which Line, therefore, truly expreflcs the Fluxion of 
f Art. 2. the Space AC gone over, according to the Definition -f*. 
Hence, putting AM=:jr, CM=y, and AC=«, we 

have z ( = CS =: \/C«^4-S«^) = \/J^+F J from 
which, and the Equation of the Curve,' the Value of z 
ni2iy be determined. 

CA SE 



in folding the Lengths of Curves, 



^S7 



C A S E II. 

I 

« \ 

1 36* Let all the Ordinates of the propefed Curve 
ARM he referred to a Center C. 

Then, putting the Tangent RP (intercepted by the 
Perpendicular CP) = /, the Arch BN, of a Cirde de- 
fcribed about the Center C:=ix ; the Radius CN (or 
CB^ =ay iic. (Fid. Art. 113; we have i :> ::^ (CR) 




yy 

: t (RP *) ; and confequently i =: — : From whence * Art. %%% 

the Value of % will be found,' if the Relation of y and 
/ is given. 

But in other Cafes it will be better to work from ^e 



following Equation 



, viz. i = ^ y 



y*x* 



/ + ^^-I. • Whick 



is thus derived. 

Let the Right Line, CR^ be conceived to revolve 
about the Center C ; then fince the Celerity of the ge- 



nerating 
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nerating Point R in a Diredion perpendicular to CR is 
to (x) the Celerity of the Pomt N, as CR (y) to CN 

yx 

(a) it win therefore be truly reprefettted by — : Which 

being to (j) the Celerity in the Direction of CR, pro- 
•^ 35- juced^ „ CP {s) : R? (/) » it follows that^ :>» :: 



5* : /* : Whence, by Compofition, ^^ + jf^ : j* :: j* 
+ /" (/) : /* ; therefore ^ +i* = ^ , and 

confequently ^ tJL. -{- j* (= —J = i • as was to 

be Ihewn. 

But the fame Conclufion a)ay be more eafily deduced 
from the Increments of the flowing Quantities, accord- 
ing to the preceding Scholium. 

For, if Rj7/, rm and N« be aflumed to reprefent (z, 

*y and x) any very fmall correfponding Increments of 
AR, CR and-BN, it will be as CN {a) : CR {y) :: 



X (the Arch N») : the fimilar Arch Rr = — . And, 



if the Triangle Rrw (which, while the Point m is re- 
turning back to R, approaches continually nearer and 
nearer to a Similitude with CRP) be coniidered as 

'reSiilinealj we (hall alfo obtain z* (=:R/w*=:Rr*+'*^*) 

» 

= — ^ + y* : Whence, by writing «, x and jr for 



2, X and y (according to the Scholium) there comes 

y'^x^ 
out «* = --r + >*, tf J ^^/^r^. 

E X- 



in Jinding the Lengths (f Curves; 
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EXAMPLE I. 

1^7 • Lit ibi Curve ARM who/e Length is fought^ he the 

Sem^cubical Parabola, 



Whereof the Equation being ax^zzy^^ or ;r = "i > 



I 



wc tbencc have i = ~: Whence i (=\/5h^*J *^ '^^' 

04" 




Jy- + 9jt=i^iS+^\ Whofc Fluent 



Ajfl -+■ Qy* 

(found by the common Rule) is T- — Y" — 5 whkh. 



27« 



corre Aed ( by making > = o ) becomes - 



8^_ 
27 ~^* 



4H-9r 



27a 



z 
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EXAMPLE IL 

N 

138. Lit the Curve propofed he a Parabola of awj 

(other) Kind. 

Then x =: ^ — being a general Equation- to all 



«— r 



Kinds of Parabolas, we here have x =: !2. — Z. , and 



»— I 

a 



a« — 2 
a 



^ X I + ?^_^ I : Whofe Fluent, univerlally ex- 

2 2«— r 

prefled in an Infinite Series, is jr + ^ -^ 



an—* 



2« — I X2a 

4 4*— 3 6 6«— c 

~ ^^ — + ^^ ^,.^^— ^ 

4« _ 3 X 8^** * 6«— 5 X i6« 

But, when 2« — 2, the Index of;^, in the given 
Fluxion, is either equal to Unity, or to any aliquot Part 
of it, the Fluent may be accurately had in finite Terms, 
by Article 84. 

For, by putting ^^_- ;?= v, and -^;;;3:^ = r, our 



:Io„f l + fJ 



Fluxion r i + _^__j xy) is, in the firft place. 



i:^' 



reduced to 1+9*' 1 Xj': Which being compared 

with 



In JinMng tbe-Lef^bs of Carves^ . j^i 

f •' ■ ' HW P 

With a-\'cz X dz z^ At general Expreffion ia 

w sr f ; ' rf^ li i ra^, ^ -^ i — 'Oj or •^p^-i i =3: p j 

whcn^r =y,- r {r^- m) = v + f ; and confequently 
-- t, J iAi . ^^ ^ • ■ 4.^,^ n— am ' • ' 

■j^c . ^ I - J— I Xf + ^^'^^ ^ 



■ »2W ■ • 



« ■ • « 1 1 ..r? — 7 



i*i # ' . 



8^5 






- t. 



If 

>bich sirill .(it is jplaio) ^\5»y9 terminate in y Tcrm^> 
when V, or It^'E^pial v^^ , h a whole Jiofitivc 
Number. 

If — ^ Xderiv^ from v = -—*") Ac fuMtt- 
tuted for its Equal », the Equation of the CufVe> will 

■ 

be cTianged to ax*^z=i j>** * ; which^ if v be expounded 
^y.j, 2, 3, 4 tsTr. fucceiEvely, will become ay^z^iy^^ 
ax^zzzy^^ ax^'zz.fy tf *■» =y9 {ffr, refpe6Hvdy : In aD 
which Cafes the Length of the Curve may therefore be 
mccurately had fiom the Fluent above exhibited. 

M Mdre— 
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Moreover, if iv be afTumed = z (or vi=:f) die g^ 

y 
neral Equation, x = "j^, will then become x zz 

u 

•» 

r^ 9 anfweriiig to the conunon (or conical) Parabola. 



i 



And therefore in that Cafe « (= i -f. -^ Xj) 

a 

^V "r«» fT— ■ -i 

(by puttmg * = !«) = J^y^, =-yX 

±2^ 



= -r X 7. "/ ss-r into 



Where, the Fluent of the firft Term (of the Fliudcm 

fo transformed) being =: f V^**j'*-H'* (or |j'\/'**+/*) 
by the common Rule j and that of the fecond Term 

• Art. lU. = f *» X hyp. Log. l±^L^±I:, * it follows 

o 

that the Length of the Ciuve will, in this Cafe, be =: 
iLVf+? + |,Xhyp.Log.^+v'*^tZ 



i 



EX. 



•• ■■* 



I 

in finding the Lengths of Curves i. 



iti 



£ X A M P L'£ im 

139. LettheCurvepropdfid^bithtlfivoluUofaCircUi 
Ivbofe Nature is fuch, that the Part PR of the Tangent 
intercepted by the Point of Cpntaft and the Perpendicular 
CP« is every where equal to the Radius CO of the ge** 




# 



ncrating Circle : Therefore x {=^j^ * ) bcbg hm i& « Ait isi; 

-^y we firft get s =s ^ ; which conreded^ by makitig 

f — fl* CP*\ 
j = tf (ti=AC) becottiei "^v""* ^ aCA/ ^ *"* 

.Meafure of the required Arch AR. 



M % 



fiX^ 



\ 
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'EXAMPLE iV. 

140. In fobkb the Spiral df Acchun^des is pr^fofid. 
WHercite V^uc of ? (AT) betag denoted bjr 
:^== ( nd. Art. 62.) we get i ( = j J 



\/F+7 



= i^^^T^; > Which Ku^Uon being exadly the 




:<aine as^-that^expi^iig th&^i:cht)f thi^ conunbrt P^* 
.bola, found in Article 138. its Fluent will therefore be 
truly reppefeiited by theMeafurc.of the-feid.AKch, .or by 

Value there exhibited. 



£X* 



tn fining the iMgik of: Curve u 
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E X A M P I^ E V. 

141. Let the Curve be a fptrdl whofe Equation is 
J^^xznf [Vid. Ar4. 116.) . 

In which Cafe x being = ■ ^^^ ^ it is evident 



t\Mi 



- (- Jy 



:»♦• 



>-+^') 



J 



i*+ 



— a ^-^ > •Art.itfii 



m^j/SMrhi 



=>*./ 1 4-^-^ i and therefore «=cv+: , ^^ 

^ ^' ■ -4- ^Sn?r.. fc^^. Wbieh Value 

may be otherwife had, without an Infinite Series, when 
- — is a whole pofitive Number, Fid^ Art. 1 38. 



E X A M P L E VI. 

142* Where^ the Right-fine^ Verfed-fine^ Tangent^ or 
Secant of an Arch of a Circle^ being given^ 'tis re* 
quired to find the Length of the Arch iifeif in Therms 
thereof 

Put the Verfedrfine Ai=:;r, the Right-fine Ri==;^, 
the Tangent AT 
=:/, the Secant OT 
izLSy the Arch AR 
-=2;, and the Radius 
AO, or RO, = a ; 
^Ifo let R«=x, nr 
:=y and Rr z;^ ft .• 
Since the Angle 
r«R ( = Right- 
;liig!e) =Q^R, and 
rKn ( = Right- 
a[ngle — «RO; =:OR*, the Triangles rRw and ORA 

M 3 are 




|66 ne XJfe of Flvxioius 

are therefore equi-anguiar ; and it will be, Rb (f) : OR 

w . R. w : Rr w = 7=:;7^ ( be- 

caufe, by the Property of the Circle V^auiA" — xxz=:y,) 
Alfo, O* {\/^^^) : OR {a) :: «r (r) Rr («) = 

Thefe two Values exhibit the Fluxion cf 



the Arch in Terpis of the Verfed-iinp and Right- 
fine refpedively : But, to get the iame, in Terms of 
the Tangent and Secant, we have (by Jinu Triangles) 

of {=/ = v/SS^) : OA (a) ;; OR (a) I 06^ 
— s— -r— s:=: BknceAA=:<^— — =?<? — ■ '■ . ■ t 

wbofe Flu]^n is ther^for^ :^ 1»"~ s: Whence 

(again by fimilar Triangles) AT (= x/^s^-r^^ =: t) : 
OT (=;: s ;s?\/tf *+/*) :: R;? : Rf = 



• 

r2< 



a^s 






S. 



0* + ^* 

Now, from any one of the four Forms of Fluxions 



( 



I f 



here found, the Value of the Arch itfelf (by taking the 
Fluent, in an Infinite Series) will likewife become 
jl^nown. 

But, the third Form, cxpreflcd in Terms of the 
Tangent, being intirely free fronj radical Quantities^ 
will be the nioft ready in Practice, cfpecially where the 
required Arch is but fmall ; though the Series arifipg 
firpnj die firft fprn^, always, converges the fafteft. 

. If. 



' \ 
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If, therefore, be now converted to an In- 

finite Series, We flail have k = /-^ — + — — — — 

a\ a^ a^ 

/5 /s V 
bic. and confcqucntly « = / — — + — —^ + 

—g ^e. ;= AR. Where, if (for Example Sake) AR 

be fuppofed an Arch of 30 Degrees, and AO (to ren- 
der . th^ Operation more eafy) be put = Unity, we 

(hall have / = V^ = '57735^^ (becaufe O^ \> 
*R (i) " OA (i) : AT (/) = v7 ) 
Whence 
ft ( =/X/*=/XJ) =.1924500 




( 






.0213833 



.IQ24$00 . 

And therefore AR = .577350* Z + 

.06+1500 0213833 , .0071277 .0023759 

—f — ~T""*"~T n— 

. M4 



fS9 fhe Ufe of: FiuxroN* 

,0007919 .0002639 , .0QOP879 .0000293 

+ 13 "" »S "^ 17 "^ J9 

+ ^^^---^'-.Sxsi^S;: Which mul. 

tiply*d .by 6 gives 3,i4i592 + foi^ the Length of the 
Selni-peripheiy of the Circle J^H^fe: Kadius is Uni^.. 

At Article i2b. certain Forms of Fluxions were pointed 
out* wboie Fluents are eiyplicable by nicans of hypcr- 
k6lical Spaces, or a 7V*ft cf Logarithms : Which Fohnp^ 
it is.ob^ryable^ aercfi ia eypry thin^ but the S\gt\p (and 
CQofiaqf Quantit^^s). wHh th6fe exhibited above, for tfi^ 
Arch of a Circler. And thefe laft, like them', niaiy 
^ fcrve'as fo pany (other) Th'^rems for finding Plufciil* 
py means of a fable ofSineSy Tangents iind SdfBi$s, 
But^ as fuch a Tat)le is ufually calculated Xol a Radius 
of i,oc5oooo &c. (qr Unity) the foUpwimg. Equations^ 
derived from thofe abbve, being, adapted to that J^dius, 
'ivill be rather more commodious. • 



ight-fine 



3 






y/a 



'W 



3 



T 



a^w 



I 



a^u 



JZ 

o 



3 

cr 



w 






Tangent 



Secant 



, I3 -^ , and 
a ' 

Radius Unity. 



The way of deducing thefe Expreflions, from the 
foregoing ones, is extremely eafy : For, if A be put to 
denote the Arch whofe Radius is Unity, and whofe 



w 



VerfcJ fine. Right-fine, Tangent, or Secant is — (ac- 

cording to the different Cafes here fpecified.) Then, 
becaufe fimilar Arcs, of unequal Circles, are as their 
• Radii, 



in finding the Length of GttvBsl 1A^ 

Kadii, it will be i : a :: ^t C^^ *^ Length of the 
Arch AR (fee, the Fiffrr.) Therefore, the Fluent of 

ax ^w 

I ii .,■,..■• ,,: . . YQr -— -: ■ ■,,.„. ^ putting ifiacwr) bemg 



*m; 



=stfif.(ARl that of ^—7===. muft nflcoferily be * 

^ if: Aad in the very fame Manner the other Fount 
aroinadeottt. 

EXAMPLE VII. 
143. Lit ibtprtp^fed Curve be thtcommmCy€UuU 

Then, if the Rfidius AO of the generating Semi-circle ♦ ♦ S'« J%, 
be denoted by tf , we (hall have BR =1 v^^aa* — x* j and 

^i" XX 

jhe Fluxion thereof = —7====: ; Which being 

\/^iax — x^ 

/ ax \ 

added to ( - . J the Fluxion of AR or its 

\ii/2ax — xx/ 

pqual RS ( given by . the preceding Article ) wc 

2ai—xx xXl^i^x X 

fhence get ^£;^J— JJ = -T ^->-^V = T X 

L 

la — -x^ , for the true Fluxion of the Ordinate BS 
of the Cycloid. 



Hence % (\/^*+i* *) = V ^*+ '^'^^^~'' =• A^- «S5i 

^ X 

— 1. =: 2^1 X J^r A" J and. confe(|ucntIy, by taking 



.4_ AT* 



the Fluent J z = 2!^^ X -t- = 2 \/2tf« = the Arch 

AS of the Cycloid* 

■ ^ EX- 



ijo The Ufe of Flvxions 

EXAMPLE VIIL 

144. Wherein it is required to determine the Length rf 
the Arch of the cemmm Hyperbola. 

In this Cafe (the Semi-tnuifverfe Axis being repre- 
fented by h^ and the Semi-conjugate by e) we have 

—^ = oix + ;r* \ and therefore x = , ' ^. 

^ ■ c 

^b: Hence i = — ^ , and » (= V<FmO 

Jr + .JX£= = yJi+j^r. which, 
by converting ' 4 i a i into an Infinite Series j becomes 

i + -i- r + -T -& ^^' But ftdl 

we have the Square Root to extrad ; In order thereto 
ktit beaffumed as i + A/ + %* + C/ + D/ ^e. 
Then, by fquaring, and tranfpofing (l^id. ArU 98 J 
there arifcs 
i+2A/+2By*+2C/+2D/ l£t. 

4.Ay+2AB/+2AC/ fefr. 

*» ** ^* ^* r 



2tf* ' 2tf** * "" 2tf' 



Hence A=:-7:::;B = — ■t::^ — fA* = — — j- 



*♦ i* ** *♦ *• 

5 C= -j-AB = ;-i +t:77 + 



8tf« ' 2f» '^'^ — 2c» ^ 4f«^ ~ i6c'* • 

k!c. f^c. Therefore i ( = jj i+ ^ fafr. =iX 



M 






in Jin£ng l^e Lengths of Curves, 

yj + -^-^ -7^+ 76^ X fy i^c. And confe- 



quently « =: jr + ^ 



2e* 



tf* + SU:* + 8«* ^ I4<« 



8f« 



6f* 






¥* 



^ lOf* + 



(^c. 



By the very fame way of proceeding the Arch of 
sui £Uipfis may be found, the Equations of the two 
Curves differing in nothing but their Signs. 
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SECTION IX. 

^Tbe y^^plicationofFLUxiovs in invejiigating 

the Contents of Solids. 

145, T ET ABC reprefcnt any Solid ; coiHreived to 
■ J be generated (or defcrihed) by a Plane PQ 
paffing over it, "with a parallel Motion : Let Hh (per- 
pendicular to PQJ be taken to exprefs the Fluxion of 
AH (x) or the Velocity ^Mtt which the generating 
Plane is carry'd ^ 
fllfo let the Area of 
the Part, EmFn^ 
pf the Plane inter- 
cepted by, or con* 
jtained in, the Solid, 
be denoted by J: 
Thea it follows, 
f torn Art, 2 and 5. 
that the Fluxion of 
the Solid A£F,wai 
\)C exprefied by 4>f^ 
JFrom whence, by 
expounding A in Terms of ^r, (according to the Nature 
pf (b^ Figure) ^ thco taking the Fluent, the Content 

pf 




lyz 7i&^ ^ ^J Fluxions 

of the Solid (which wc fhalf, alwajrs^ he r e aft e r reprefent 
by i) will be given. 

But, when the propofed Solid is thatarifmg from the 
Revolution of any given Curve AEB about AHD, as 

an Axis, the Fluxioil (s) of the Solidity may be ex^ 
hibited in a^ Manner more convenient for Pra^ee s Far, 
• Art. 124. putting the*Area (3,141592 £5ftf**) of the Circle, whofe 
Radius is Unity, =^, and the Ordinate £H =:^, it 
will be I* : jr* :: /> : (pf-) the Area of the Circle E»fF», 
which being wrote above inftead of ^, we havex 

= py^x. The Ufe of which will be fufficjently (hewn 
in the following Examples. 



EXAMPLE I. 

146. Let it bi propofed to find the Content eif a 

Cone ABC- 
Put the given Altitude (AD) of the Cone =«, and 
the Semi-diameter (BDj of its Bafe = A : Then, the 
Diffance (AF) of the Circle EG, from the Vert« A, 
\peing denoted by a-, £s^^. we have, by fimilar Tfiangles, 

bx 
tLS4i:b::x:l£J (y)z=: —. Whence, in thi^Cafe, i 

CT 

{zzzpy^x) = -^ ; and 

confequcntly s = -'— f ; 

which, when x=a ( =r AD) 

gives ^— (=/>XBD^X JAD) 

for the Content of the whole 
Cone ABC. Which appears, 
from hence, to be juft f of a Cylinder of the feme Bafe 

and Altitude. 
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EXAMPLE n. 

JI47. WhiT^^ let the Solid propofei be a parabolic Conoid^ 
^r that 4rifing from the Resolution of any Kind of 
JR^ratola a^oikt its A^s. 

Tbcflt ^iCJm the Equation tf**** x^ zizy^ , of the gc- 



Mretuig Curve, we ^ jF2=:ii " X*'"^ and s (znpy^x) 



^=zpa " Xxir* 5 arid therefore j = pa * X 

I-I 

■ i - , = py* X — i — = the Content of the Sohd ; 

which therefore is to (py*^) "^flie Content of the circum* 
fcribing Cylinder, JUS m to 2»+^« Whence the Solid 
generated by the conieal Parabola (where ^72 = 2, and 
n = 1.) fppea^rs to. be jHAfrof itscircumfccibing Cy* 
linder. 

EXAMPLE ni. 

148. La th$»prdpofid SoUd A¥BH be a Spheroid. 

InW^ich C^e, puttiiig the ApcisvA^, .aboiit>whith 
^e Solid is generated, =z 17, and the other Axis FH, 
of the, gcn^^ting £llipfis.= i, it fqllows, from ,the 

Property of the ElUpfis, that « * : A* 11 xX a — x 

(ADXBD) :^* (DE*) = ^Xtf^?=^; Wbppce 

' ■ ' ■ • ■ ■ . • 

pb^ 

* = -r X lii^x— ^fr' == Ac Segment AIE. Which, 

whca 






m 



Tie Vfe of Fluxion* 

when AD (x) =± Aft (d), 

fpb* 

becomes ^'^^Xfa^— Ja^) 

i pal^ s the Content 

of the whole Spheroid. 
Wfaere,if»(FH) betaken 
!=a (AB) we (hall aUb 
get I pa^ for the true Con- 
tent of the Sphere whoft 
Diameter is «» Hence a 
Sphere, or a Spheroid, is f 
of its drcumfcribing Cy* 
linder ; for the Area of the 
Circle FH being ekpxefled 

the Content of the Qrlioder wfaofe Diameter 

phU 
is FH, and Altitude AB, will therefore be ^-— i 

4 

of which ^ pab*^ is, evidently, two diird Parts. 

EXAMPLEIV. 

149. Let the SoUd^ whofe Content you would Jindy he 

the hyperbolical Conoid. 




by 



ph* 



4* 



Then, from the Equation, >* = "T» X ii* + ^*» ^^ 

ph^ 

the generating Hyperbola, ^t havci (py^x) == — 



/*• 



X axx-\'X^x^ and confequently x == -j- X ^ax* + 3*' 

=: the Content of the Conoid ; which therefore is to 

/^* 

( "«*" ^^^ + ** X ^) that of a Cylinder of the lame 

Bafc and Altitude, z&la-^lxto a-^-x^ This Ratio, 
if AT be extremely fmall, will become as i to 2 very 
nearly : Whence it may be inferred, that the Content 

of 
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t>f a very fmall Part of any Solid, generated by a Curve» 
whofe Ray of Curvature at the Vertex is a finite Quan* 
tity, b half that of a Cylinder of the fame Bafe and Al« 
titude, very nearly : Becaufe any fuch Curve, for a (man 
Diftance, will differ infenfibly from an Hyperbola, whofe 
Radius of Curvature, at the Vertex, is the fame. 

This might have been inferred, either, from the 
common parabolic Conoid, or the Spheroid, -in the pre* 
ceding Examples ; but other Obfervations would not al* 
low Room for it there. 

E X A M P L E V. 

150. In which the propofgd Solid is that arifing from the 
Rotation of the CiJJoid of Diodes, about its Axis. 

Here, j* being = — — , ♦ we have 's (pj*x) = ***** 

• But, in Cafes like this, (where the Denominator. 

is rational and this variable Quantity in the Numerator 
of feveral Dimenfions, it will be neceflary to divide the 
latter by the former, in order to obtain the Fluent, by 
leilening the Number of Dimenfions : Thus, dividing 
fx^x by — -AT-f-tf, according to the Manner of compound 
Quantities, the Work will ftand thus : . ^ 

— -;r4-tf) fx^x — o (-^px^x — faxx-^a^x 
px^x^^pax^x 



iWM* 



+^<7;rV— O 
-^-pax^x — pa'^xx 



»a*i 



'\'pa'^xx-^a^x 

wmmmmmmmmmmmmmmmmmmmm 

'^pa^x 

Where, the Quotient htiag-^x^x-'^xx^a^x, and the 

Px^x 
Remainder pa^xy the Value of the given Fraftioh -^ » 

wiU 



4dU therefore beiruly taepreflod 1>7— rj^J^^r^^^^'i^'*^ 
-^St + ^~ • Wbofc Flufot^ >prqpeffly coircded, ;b 



yid. Art. 126. 

E X A M t* L E Vi; 

151. Lit the Solid be fhat arifing from the Rotation of 
the Conchoid ^f4iiQom€d€i abotttiis Axis. 

yx — *tfi*— «=»* 

J y\rh* — y* 

..^^ah^y — y^y 

'(Vid.Art../L%md<fri) wehave x zs, — =-;==s=r,.and 
• Aft i4^.thcr«ft«'e i r/y^i^-*) az . '^' .^ ■■! -^^^ ;=c$ /- ^ 



*— ■ ■ ■ *. But, in order. £>t.tbe.iiioretQ9f]rii|ul-^ 
S/fh'*' — >* 

Jng the Fluent thereof, put s/b'^-^y^ rz: 41 ; and thciii 
jp being = \/^*^^ — «% and j? =s:^?— ?======,,.. we- ih^l^ 

/>^W .• • • , 

by Subftitiition, get s = ' . ' ^:^ X^^tf — «*«i 



^ 



Whence, the Fluent of > being exprefTed by 

the Arch (-^) of the Circle whofc Radius is Unity and 

*^ i4». Sine ^ *, the Fluent of the whole Expreffion will be 



..;^i*X-rf+pX b^u — \m}. Which, when y=p, or 
gives (pah'^ X I/) + j> X I ^3) ^^* x ipa + ^b for the 

'Content of the wbde^id, when ka Axis >beocnne& in- 
£nite« 

E X. 



i^ pi^ng the Chntents of Solids. 
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EXAMPLE VII. 

i52. Where It is required U find the Content of a pit' 
rabolic Spindle ; genefated i'y the Rotation of a given 
Parabola ACB about its Ordinate AB. 

. Put CM (the Abfcifla of the given Parabola) = ^ , 
and the Semi-ordinate AM (or BM) = ^ ; and, fup-- 
pofing ENF to be any Section of the Solid parallel to DC, 
let its Diftance MN (or EPJ from DC, be denoted 
by w: Then, by the Property of the Curve, we fliall 




have AM* (i*) : EP* (w») :5 CM (a] : CV,t=x 

no* aw^ 
jr : Therefore EN (ziCM — CP) =a ^^=2 



aw 



^ ^ ^Ir^' ^"^ confequently f X EN» = ^^ X 



*♦ — 2^*1*;* + «;♦ =z: the Area of the Sefiion EF : 
Which multiplyM by ('w) the Fluxion of MN, gives 

Xj- Xi*w — 2b^w^'w + w^^ for the Fluxion of the 



pa' 



Solidity, * whofe Fluent, -jj-X^nv— f/'^w^^fwS •Art. 145^ 

when w becomes = i) is (-rr"/ half the Content 

(ftf the Solid. 

H EX- 
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EXAMPLE Vni. 

153. Let the Solid ACBD (fee the kjl Figure) be a 
Spindle^ generated by the Rfitatien of the Segmettt of a 
Circle^ ACB, about its Ch^d^ trOrStiate^ AB. 



N I 



Then, if the Radius 0£ be put =:r, GiA'Szd^ and 
EP = w e^Tr. (as before) we {hall have OP ( = 

y/Q E^— fcP^ ) = y/7^m;\ and EN (=OP— OM) 

:zi^r^ — w^ — d: Therefore j, in this Cafe, is is: 

^ z=. p'wX r^-^d^ — w* — pnv X 2rfN/r*— w* — 2i* : 

Whence, the P luent of theP/?r/, ^oi/X irfv^r*^^^^ — 2^* 

(z=: 2dpX'wX x/r'—'uP'—d = 2rf/> X w X EN ) 
•Aft. IX*. being expreffed by 2//^ X ^r^a AfA^£C * the * Fluent 
of the IVhole^ or the true Value of i, will be ex- 
preffed hy pwX r-'^d'- — Jw* — idp XArea MNECy 

or by its Equal ^XMNX AM*— f MN* — 2p X OM 
X Area MNEC : Which, when MN = MA, gives 
p X I AM^ — 2pX OM X Area JCM^ for the Con- 
tent of half the Solid : Where the Jlrea JCMm&y be 
found by Art. 124. or more eafily by the common Table 
of the Areas of the Segments of a Circle^ to be met 
with in moft Books of Gauging. 

r 

EXAMPLE IX. 

154. Let it he propofed to find the Content of the SoHd 
AEGB 5 whofc four Sides AH, AF, CH, CF are 
plane Surfaces, and its Ends ADCB, EFGH given 
Redtangles, pataHel to each other. 

Let the Sides AB and AD, of the Bafe, be denoted 
by a and h j and thofe of the Top (EH and EF) by e 
and d rcfpediively j moreover, let b exprels the perpen- 
^ I dicttlar 



in finding the Contents of Solids. 

dlcular Height of the Solid ; and let x (conHder'd as 
variable) be thd^Diftance of (ILJ any Sedion thereof 
(parallel to the Bafe) from the Plane EG. 
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It is evident, from the Nature of the Figare, . that 
the Se^ion IL is a Re£tangle ; and that 

bixii AB—EH : IM— EH v. BC— HG : ML — HG. 

From thefe Proportions we have IM— ^EH = ^ 

h 



smd ML~HG = 



_b—dXx 



: Hence IM = 



a — tXx 



+ c^ and ML = — f + ^ 5 and confequently the 



Area of the Reaangle (IL) = ^~^^^~^ X jt* + 



flrf— «crf+^* 



y,X'\'cd: Which being multiply 'd by 



AT, and the Fluent taken, there refults 



a—cXb—dXx^ 



7h 



N z 



Which, 



i8o 



n:ie Ufe of Fluxions 



Which, when *■ = A, becomes f f — f ___ 



ad-icd-^cbXh ^ ^j^ _ 2ah+^d+b(+2^d Xib = ) 



1*1" p II »■ 



ABXAD+EHXEF+AB+KHX AD+EF Xi A = 
the Quantity propofed to be found. . 

If EF (d) be fuppofed to vanifli, and the Lines EH 
and FG to coincide, the Planes AEHB and DFGC 
will form an Angle or Ridge, at the Top of the Solid 
(refembling the Roofs of fome Buildings, whofe Ends 
as well as Sides run up floping) and, in this Cafe, the 
Content, found above, will become more fimple, being 

then expreffed by 2ab'{'icXi^h^ or its Equal 2AB-)-£I( 
XADXS*. 

But, if EF be fuppofed=£H, and AD=AB, the Solid 
will then be the Fruftrum of a fquare Pyramid ; and its 

Content = a'^+ac+c'^X J A, =AB*+ABXEH+EH* 
Xfh: From whence, by taking EH=o, the Content 
of the whole Pyramid whofe Bafe is AB*, and its Al* 
titude hy will alfo be given, being = AB* X |6. 

EXAMPLE X. 

155.. Let the propofed Solid be that^ commonly known if 
the Name of a Groin ; whofe Sedions parallel to the 
Safe are, all, Squares, and whereof the two Sedions 
perpendicular to the Bafe, through the Middle of the 
oppofite Sides, are Semi-circles. 

Let bcdef be 
any Sedion paralr 
lei to the Bafe; 
and let itsDiftance 
A^ from the Ver- 
tex of the Solid, 
-p be denoted by at ; 
alfo let a reprefent 
the Radius AB 
^ ■■■ • i ^ ' " ■ tJ !^ " (o^ 2N) of the 
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Circular JScdHon ABNA, perpendicular to the Bafe. 
Then, bn being (by the Property of the Circle ) = 

^/%ax — XX ^ the Side of the Square df^ will be = 

7,\/2ax — xxy and therefore the Area = 4 X 2ax — xx j 

« ■ 

whence ^ == 4-*: X 2ax — xx^ and confequently s = ^ax^ 

— 1—. : Which, when x = <?, becomes == the 

3 3 

Content of the whole Solid. 

If the Solid be a Groin of ^ny other Kind, or fuch, 
that its two Sections perpendicular to the Bafe, through 
the Middle of the oppoiite Sides, are any other Curves 
than Semi-circles, the Content niay, ftill, be found in 
the fame Manner ; and will be always in proportion to 
the Solid generated by the Revolution of the (aid Curve ' 
about its Axis, as a Square, is to its infcribed Circle. 
But, if the forefaid perpendicular SeAions be Curves of 
digerent Kinds, the 3e^ions parallel to the Bafe will 
no longer be Squares, but Re^langtes ; whofe Sides are 
the correfponding (double) Ordinates of the refpe<3ive 
Curves. Thus, for Inftance, let one Seflion be a Cir- 
cle and the other a Parabola, whofe Ordinates, to the 

common Abfcifla Xy are exprefled by \/dx — xx and 

\/^,rerpeftively5 then the Sides of the reftangularSeftion, 

parallel to the Bafe of the Groin, will be iSi/dx — xx and 

%^7ix\ Whence the Area of that Section is = 4^* 

s/ad^-^axl and therefore s = i^xx y/ad — ax: 
Where, by taking the Fluent, ♦ j = » Ar 

I W* S/'^ — a^X J^=^* X i()d+ 2/^x ' ^ 

. =: the true 

Content of fuch a Solid* 

N 3 EX.- 
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EXAMPLE XI. 

156. fTbere the Solid BACD fripafed is a itind tfCm, 

or Pyramid \ form'd by conceiving Rigjht-nnes to be 

drawn fron^ every Point in the Perimeter of any given 

' Plane BDC, to a given Point, or Vertex, A abotc 

that Plane. 

A Let EFG be any 
I Sedion parallel to BCKJ, 
] whofe perpemficular Di- 
I ftance (AQ.) from the 
I Q. Vertex let be denoted by 
i X \ moreover, let die 
whole given Altitude 
(AP) of the Solid be put 
= tf, and the Area ef 
j p ' the Bafe BDC (which is 
alfo fuppofed given) = h 
In die firft phde^ it is 
eafy to conceive that the 
Planes BDC and EFG 
muft be fimihr : And 
therefore, fince flmilar Figures are to each other as the 
Squares of their like Sides, or Dimenfioos, it fc^ws 

that AP* {a') : AQ^ (x*) :: BDC (b) : EFG = -^. 




Whence s = 



ir^ 



bi 
3' 



?x''x bx^ 

and confequently i = r~i = 

when x-=za. Therefore the Solidity of a Cone or Py- 
ramid, let the Figure of its Bafe be what it will, \s 
always had by multiplying the Area of the Bafe by -\ 
of the Altitude. 
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♦ example xir. 

157. Whtre it it prapofed to find the Canteni «/ the 
UngiiU EFGC, cut ofF from a given Cone, ABC, 
by a Plane £FG palTing through the Bafc thereof. 
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I 

Let AD be the peT|)endicu1ar Height of the Cone, 
alTo let AM be perpendicular to HE, the Axis of the 
SeaionFEG, and let FAG be another Se^ion of the 
Cone, thro' FG and the Vertex A. 

Since the Solids CAFG and EAFG, whofe B^fes are 
FCG, and FEG, come imdcr the Form fpecilied in the 
preceding Example, their Contents will therefore be ex- 
prefled by FCG X \ AD and FEG X j AM refpeflive- 

1 ivi. r r^a FCGXAD— FEGXAM 
ly : Whofe Difference, -. » 

is the Solidity of the Vngula CEFG : Where the Bjfes 
FCG and FtG being conic SeiSions, their Areai will be 
given by Art. 1 15, 1 24 and 1 20. from whence the whole 
will be known. Thus, if ME be fuppofed parallel to 
AB, the Sedlion FEG, then being a Parabola, its Area 
will be = I X FGXEH * : Whence the Solidity of the • a«. nj. 
N 4 Segment 
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Segment EFG A is = J X FG X EH X AM : Whklk 
being deduced from that of CFGA (found by Help of 
the common Table of circular Segments) the Re- 
mainder will be the Content of the Ungula. But^ if tb^ 
Axis EH produced, cuts AB, the Se^on F£G will be 
a Segment of an EUipfis EFKG; whofe conjugate 
Axis (fuppofing EN and KL perpendicular to AD) is 

• Art. 41. = 2v/ENXKL *. Now, in order to compute the 
Content, the eafieft way, in ^is Cafe, let the Ratio of 
EH to EK (which is given by Trigonometry) be ex- 
' prefled by that of M to Unity, and let the Ratio of CH 
to CB, be as ;7 to Unity : And irhm the common Ta- 
blq of Segments (adapted to the Ciitle whofe Diameter 
is Unity) let the Areas anfwering' to^e verfed Sines m 
and n^ be taken and denoted by M^aix} N refpe£tive« 
ly : Then, the Area of FEG bcing'=i Af X EK X 

^o^ijo!*^ 2\/£N X KL, and that of FCG = ATX-j^* ♦, the 
Content of the Ungula^ by fubftifluting tSofis Values, 
will become = | iS^XBC*XAD— f iJ^XJ^K^ AMX 

2V^£N X KL : But, fmce AM : AE :: KQ^^^rpen- 

dicular to AC) : K£. ; and AN : AE :: KQ; XI, it 

follows, by Equality, that AM X KE == AN X KI; 
whence the Content of the Ungula is alfo exprefled by 

f iV X BC» X AD — t AfX ANXKI X 2v/£NXKL: 
Which, if H be fuppofed to coincide with B, and Kl 

(o. 785.29 
with BC, will become —^^-^c. X BC*XAD^ 



0.78539 



Wr. XANXBCX 2v/eNXBD) =0.26179 



er^. X BC X BCX AD— lANXv/ENXBDi 

When the Sedion EFG is an Hyperbola, its Area 
may be found by means of a Table of Logarithms (in- 
ftead of a Table of Segments) whence the Content of 
the Ungula will likewife be had in that Cafe. 

5 EX- 
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EXAMPLE XIII.' 

f 5 8. Let AFC, or AGD, be a durve of any Kind \ 
whofe Area, and the Content of the Solid arifing frorh 
its Rotation about its Axis, or Ordinate, AB, are 
both known ; 'tis propofed to find, from thence, the 
Content of the Solid generated by the Revolution of 
that Curve about any other Line PR parallel to the 

faid Axis or Ordinate AB. 

» 

Let AP, FCl, and CR 
be all perpendicular to AB 
aod to the Axis 6i Motion 
PQR ; alfo let AP ( or 
EQ.) =ff, AE, confider'd 
as variable, •=.Wy the Area 
AFE, or AEG = ilf, and 
the Solid, arifing from its 
Revolution about AB, = 
Np It is plain that the 
Area -of the Circle gene- 
rat«| bjr QF will bfe :pp X 

fq:* =/>x7+TEF^* 

t=:p/t^ + 2paX'Ef+pX 
EF* ; from which de- 
ducing the Area, pa^y ge- 
nerated by QE, the Remainder, 2^tfXEF-f^XEF% 
will be the Area of the Annulus generated by Ef : 
Whence the Fluxion of the Solid generated by AEF 
is truly reprefented by 2pa X EF X 'w + p^-w X EF* % • t ^'*- **^ 
And^ in the fame manner, it will appear that the 
Fluxion of the Solid generated by AEG is 2^XEGXw 
— ^XEG*. But the Fluent of EFX^w; (or EGX*"^; 
is = the Area (iW) of AEF (or AEG)*, and that of*^'^"*-' 
/^XEF* (or/wXEG*) equal to (N) the given Solid 
arifing from that Area f ; therefore the Fluent of thet Art. 145. 
TVboky or the Solidity required, is ipaM-^Ny in the 
former Cafe^^ and 2paM^^Nin the latter j where apa^ 

in 




• Art. 145. 
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in either .Cafe, exprefles the Periphery ef the. Cylinder 
defcribed by AB, about the Axii of Rotation PR* 

Hence, if ABC and ABD are equal and fimilar to 
each other, then the Value of M CsTc bein^ the bmc in 
both Cafes, it follows that the Content of the Solid ge- 
nerated by AFG will be exprefled by 2^ X ^M, or 
Q.pa X Area AFG. 

Now, if (for Example (ake) ACD be fuppofed a 
Circle, whofe Semi- diameter is dy the Area of that 
Circle being =/>^, the Solid generated by its Revolu- 
tion (reprefenting the Ring of an Anchor) will therefore 
be = 2pa X pd^ = 2p^ad*. But if you would know 
the Content of the Part generated by the upper Semi' 
circle BAC, or the lower one BhDy let the Content 

• Art. 148. f ^ — y * of a Sphere whofe Semi-diameter is ^» be wi6te 

«^ 

for JV, in each of the two foregoing Expreffions, and you 

will then get p^ad* + ^, and p^ad* — -—. 

3 3 

Again, If AFC, and AGD be taken as Right-lines, 

ABXBC . ABXBD ^ 
you will have M = (or — j and N 

• Art. 146. 3:;>XBC*X \ AB (or ^XBD* X \ AB) * : Hence the 

Solid generated by the Triangle ABC is ( 3= %pu X 

ABXBC _^^ XBC^X AB) :»:>>XABXBCX 
23 



RB + fBC 5 and that generated by ABD ( = 2^tf X 
ABXBD _^ ^ gj^^ ^ =^ X AB X BD X 

23 / r 



RB — tBD. 

Laftly, let ABC (or ABD) be confidered as a Pa- 
rabola, whofe Ordinate is AB, and Axis CB (or DB): 
• Art. 115. Then JIf being here = | ABXBC (or f AB X BD ) * 

t Art. i5t. and iV = -^ X AB X3C* f (or -~ X AB X BD* ) 

It 
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it Tollewa that the Solid generated by ABC will ba 



AB H BC X ^ — f^ — , and d)at generated by AH> 



= 4^ X AB X BD X 



5 BR— 2BD 
•5 



SECTION X. 

The Vfi: of Fluxions in finding tbe Superficttt 
of folid Bodies. 



LE T FAF n^re^ 
fcnt 



t 2 Solid ge- 
nerated by the RevoIutioD of ' 
any given Curve AF about 
its Axil AH ; alio let a 
Circle, whofe Diameser b 
the variable Line (or Ordi- 
nate) RBR, be conceived 
to move untforraly from A 
towards FF, aotl to dilate 
itlclf fo, on all Side*, al the 
fame time, as to generate, 
by its Periphery, the pro- 
p-'ifed SupeiRcies RAR : 
Then, the Length of that 
Periphery, or the generating 
Line, being cxprefled by 
5,141592 • fsV. X RR 
(=: ipy) and the Celerity 

with which it moves by i * ■ 

* the Fluxion of the Super^cies RAR, ot the Space that 
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fVduU be uniformly generated in the time of delcribing 
«, will therefore be truly reprefented by 2pyi> 

Hence, if w be taken to reprefent the whole Surface 
RAR, generated from the Beginning (according to the 
Method obferved in the three laft SeftionsX we (hall 

•Art. 135- have w = %pyx = ipy \/**+>* ♦ 5 whence w itfclf 
may be found. 

EXAMPLE L 

' 1 60. Let it be propofed to determine the convex Super-^ 

ficies of a Cone ABC. 

Then, the Semi-diameter of the Ba(e (BD, or CD) 
being put :;=: ^, the flanting Line, pr Hypotbenufe, 
AC = r, and FH (parallel to DC; =y fsTr. we Ihali, 
from the Similarity of the Triangles ADC and l^mh^ 

m 

•Art.i59.have*:r::if«iA;:i(Ett;=y: Whcnccnb (a/^*) 



apcxf pcy^ 

= —7— s and confcquently w = —r- 



This, when 




y:=:b, becomes ^zpci = p 
X DC X AC = the con- 
vex Superficies of the whole 
Cone ABC : Which there- 
fore is equal to a Re£tahgle 
under half the Circumference 
of the Bafe and the flanting 
Line. 



EX^ 
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EXAMPLE II. 

16 1. Let the Solid, whofe Surface you would find^ 

be a Sphere AEBH. 

N 

In which Cafe, putting the Radius OH=^7, AF=jr, 
Hm = A-, 6fr. we fhall (by reafon of the fimilar Tri- 
angles OHF and Umh *) have y (FH) : a (OO) :: •Aj*6g, 



Therefore «w ( ipyi ) =: 

A 




ax 
x(Hm) :-«(HA; = — 

2pax ; and confequently 
the Superficies (zv) itfelf 
= 2pax = AF X PeripL 
AEBH.^ Which, if the 
whole Sphere be takent 
will become AB X Pe- 
riph. AEBH = four times 
the Area BEAHO. 

Hence the Superficies, 
of a Sphere is equal to 
four times the Area of 
its greateft Circle: And 
the convex Superficies of any Segment thereof, is to that 
of the nnjole, as the Axis (or Thicknefs) of the Seg- 
ment to the Diameter of the jSphere. 

E X AM PL E III- 

162. Wherein let the parabolic Conoid be propofed* 

The Equation of the generating Parabola being 

«» 2yy 

4ix^=:y'^y or A' = — , we have x = — , and therefore 
•^ a a 

^ a a 

Hence w (a/yij = -^ X «* + 4/'' i whereof the 

Fluent 



i9<^ 



The XJfe of Fluxiong 



3 



Fluent is — - — ; which correded (by fup- 



•Art,?f. pofing jr=o»} gives ^!^^f!fi^ — ^ , for the Su- 
perfidcs fim^n 

EXAMPLE IV. 

163. Let it bi required to diter mini tbi Superficies 

of a Spheroid. 

Let ACFHG reprefent one half of the proposed 
Spheroid, generated by the Rotttion of ^ Semi-eUipfis 
FAG^ about i^ Axis AH; put AH=i7, FH (or HG) 

and the Supernctes ^* 
•* T1iet\9 ^tom the ria« 




/ c J 

ture of the Ellipfis, we have y ^=: "tV^*'— ^*i whence 



a 



• Alt. I3^i^ ' ^ ■ : » and confequently z (5s V^**+j?* *} 
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y'z I ^ * ^ x^a^ — aa — ccXxx 

a^Xa^ X a\/aa — xx 

-^ — ; T r - ■■ = ( by ♦putting (the Excentricity ) 

^* U x^ 

; ^ hb 

V^«* — t* = A) = — — r==- : Therefore, in 

Iphcx I ^4 
this Cafe, ^b {2^yi; = --^ J — ^ ^^ i whofc 

Fluent, in an Infinite Series, is 2pcx X 
TZ^^J^fl— 3f' . But the Cune* 

Fluent may be, otherwife^ very eafily exhibited by means 
of the Area of a Circle : For, if from the Center H, 

aa 
v^ith a Radius equal to -r*, a Circle S£R bedefcribed, 

and the Ordinate BC be produced to int^rfe£l: it in £, 

it is evident that BE = ^ _. — xx. ^ that the 

^f bh 

Fluxion of the Area ESHB will be expre ffed by x 

/f! ^a; which being to ^^xV^nir 
V bb~^ aa ^ si i^i, ^ % 

the Fluxion before found, in the conftant Ratio of i to 

7.fbc 

-^^, Aeir Fluents muft therefore be in the fame Ra- 

tb \ and fo the latter, exprefling the Superficies CFGD, 

iphc FH 

will confequently be = -J^ X BESFH = 2/^ X -jjs 

XBESFH, 

This Solution, it may be ob(erved, obtains only in 
Cafe of zncblong Spheroid, generated by the Rotation 
of the Ellipfis about its greater Axis , for, in an oblate 

Spheroid, 
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Spheroid, generated about the Icffcr Aids, the Value of i 

(^y/a^~c^) will be im{>offiblc; fijice, in thb Ctfe 
HF is greater than HA. But, if we, btre^ put ^ = 

VV--^j and d = j-i the Value of w (fouhd ibovfc) , 
will become = -^ V ^ + x^^-^Vd' + ** 

= —^ X ;t v/^M^ : Whofe Fluent may be 

t)rought out by help of a Table of Lc^rithnist 

For, let the variable Part x s/d* -+• ;r* be traiif- 

fkXdF^'' d'^x+x^x d^xx+x^i 
foi-mcd to I y , . , = ., , = .■■■ b s 

y^xx+x^x ^4^xj^ 

— ) y^^ : . - + > ,, ' . =, fo that the Nri- 

merator of the nrft Term — v f now in aeived 

Ratio to the Fluxion of the Quantity under the radical 
Sign) may be, had by the common Rule ♦ 5 by which 

V Arf '7'7 > — —————— 

means we get f \/^*;f*+Ar*, for the true Fluent of the 

faid Term ; to which adding the Fluent of the other 

-d^xx -d^x 

Term —;======•, or '^ - (given by Jrt. 

y/d^'x^ + x^ \/d'' + x'- ^^ ^ 

126.) t here a rifes f xx/d'' + ;r* + f rf* X hyp. Log, 
A' + V^^^+ A for the Fluent of A:v/^* + ;e* ; And 

• Art. 78. ^'^^^' corrcfted * and multipiyd by -^^ gives ^ 

V^5q:r* + pcd X hyp. Log. ^+^f + ff, for the 

Superficies in this Cafe, where the propofed Spheroid is 
an oblate Qne« 

» 

EX. 
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EXAMPLE V. 

164. Let the Solids whofe Superficies is fought^ he tbi 

hyperbolical Conoid. 

Let the femi-tranfverfe Axis, of the generating Hy* 
perbola, =tf , the femi-conjugate =:r, and the Diftance 
of any Ordinate from the Center thereof = x ; ther^ 
From the Nature of /the Curve you will have y = 

C A cxx 

- \/iy* — a^ ; whence y = — ^ " '! , « =e 

^ a ^xx — aa 

-^ * ■ , and w my^) = -^ — ^ 



\ 



a\/xx — aa ' ^^ 

\^aa+ccXxx—a^ j which laft Value, if d^ be put =3 

z . z 9 will be more commodioufly expccffed by 

2pcx — u 

-j^ V -y* — ^ : Whereof the Fluent, by proceeding 
as in the latter Part of the foregoing Example, will 

_ . Pcx\/xx — dd . v> T r 

come out = , — p(^d X hyp. Log. 

d 

X + \/x^ — d^ : Which xorreSed (by taking xzna) 

pCX y 

becomes —ir y/xx ^^ dd-^ pc^^ — pcd X hyp. Log. 



X 



^\/x'- — d' 



I ff[ perficies. 



, the true Meafure of the required Su* 



c£ 
a 

EXAMPLE VL 

165. Let it be propofed to find the Superficies of thi 
Solid called a Groin. (Vid. Art. 155.) 

Lfct bcdef be any Sefllon of the Solid parallel to the 
Bafe thereof, and let x denote its Diftance from the 

O Vertex 
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Vertex A, alfo put % equal to the correfpondin^ Arch 
An of the femi-circular Sedlion N;iA ^c. whofe Radius 
AB or BN let be denoted by a. 




/ 



E 



ax 

It appe^s from Art. i6r. that « = — : : 

^^ \r7jax — XX 

Which Value, multiply 'd by {is/%ax — ^-a") that of 
• Art. 159. dg [z=,2bn) gives 2ax * for the Fluxion of one of the four 
equal convex Superficies by which the Solid is bounded. 
Hence the whole Supeiiicies (excluding the Bafe) comes 
out = 8j* : Which therefore is exaSly equal to twice 
' the Bafe. 

If the Solid be fuppofed a Groin of any other Kind, 
fuch that its two equal Sedions, thro* the Middle of 
the oppofite Sides, are other Curves than Circles, the 
Superficies may Jiill be had in the fame manner ; and 
will be always in proportion to the Superficies arifing 
from the Revolution of either of the faid equal Curves 
about its Axis, as a Square is to its infcribed Circle. 
Thus, the Superficies of a parabolic Conoid being = 



7 r- ( by Art. 162.) the convex 

Superficies of the Groin, fuppofing the generating 
Curve A«N to be a Parabola, wiU therefore be = 



4X^^ + 4^^ 



11 
6 
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EXAMPLE VII. 

j66. Whtreia let it be rtguired to find the convex Super'* 
fides of a corneal Ungula ECFD ; formed by a Plane 
DFE paffing thro' the Bafe of the Cone. 

Let ai right-angled Triangle AOM (whofeBafe OM 
is the Radius of the Circle BDCE) be fuppofed to re- 
volve about the Axis AO ; whilft a Right-line NP* 
drawn perpendicular to OM from the Interfe-ftion of 
AM and the Arch EFD, traces out, upon the Bafe of 
the Cone, the curve-line EPGD. 

IfMPOANand 

mpOAtt be confi- 

dered as two Po- 

fitions of the ge- 
nerating Triangle 

indefinitely near to 

each other, it is 

evident that the 

Space MAm, gei- 

rerated by AM, 

will be to the 

Space MOw, ge- 
nerated by OM, 

as AM to OM, 

or OB. Whence, 
MN and MP be- 
ing proportional 
Parts of AM and 

OM (becaufe NP is parallel to AO) it is likewife 
pljin that the Spaces MNn/n and MP^m, generated by 
thofe Parts, will be to each other In the fame Ratio of 
AM to OB. And, fince this every whefe holds, it 
follows that the whole Space (ENM)' tfr . generated liy 
MN, will he to that (EPM) generated by FM, as AM 
to OB : And fo the whole required Superficies (generated 

by hM) is truly reprefented by rv^ x Area EPGDCE. 

O 2 But 
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But now, to find this Area, EPGDCE, it is ob- 
fervable that the Area of the Plane DFE (being die 
Segment of a Conic- fe^on) is given, by Art. 115. 129 
or 130. And it is very eafy to apprehend and de- 
monftrate that the Area fo given will be to that of 
EGDH, as the Radius to the Co-fine of the Angle of 
the Inclination of the faid Plane to the Bafe, or as HF 

to HG. Therefore, feeuig EGDH is = -gpXEFD, 

we have EPGDCE ( = ECDHE — EGDH ) =s 

ECDHE — jjF X EFD ; and confequently Qg X 

EPGCDE = ^ X ECDHE — ^^^ X 

EFD = the convex Superficies that was to be found. 

If the Point H be fuppofed to coincide with B, 
ECDHE will become the whole Circle CB ; and EDF 
will become a whole EUipfis, whofe greater Axi^ is BF, 

• Art. 41. and its leflcr Axb = 2\/OBXOG. ♦ Therefore, the 
t Art. iH-Areaof the former Figure will beexpreffed by^XBO* t» 

and that of the latter by j> X f BF X %/OB X OG ; 
and fo the convex Superficies of the Part BFC will be 
AM ^^ AMXBG 

(=obX^xbo*-5bx^x^xibfx 

v^obxog) =^X AMXOB— ^XAM X I BG X 

Qg-: Which being deduaed from QkXAM X 
OB) the Superficies of the whole Cone BACs there 

refts^XAMXfBGX V^> for the Superficies of 

theoblique Cone BAF ; which from hence is alfo given. 

^ SCHO- 
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ScHOtlUM. 

167. In mod of the Examples^ -delivered in 
the four laft Se£tions, the Part of the propofed 
Figure next the Vertex, 
whether, a Curve, Solid, 
or Superficies, is firfl 
found 5 from whence, by 
taking the Altitude {x) 
of that Part equal to {a) 
the Altitude given, the 
Content of the TVhole is 
deduced : But, if the 
Content of the lower Seg- 
ment (BCED) of any 
Figure (ABC) arifing by 
taking away a Part (ADE) 

next the Vertex, be required j then the DifFcrence be- 
tween the Whole and the Part taken away (found as 
before explained] will be the Quantity fought. 

Thus, for Example, let ABC be the common Pa- 
ralohy and let it be propofed to find the Content of the 
Part, BCED, included between any two Ordinates 
BC (b) and DE (c) at a given Diftance BD (d) from 
each other : Then, the Equation of the Curve being 

!!*•=:/, we have x = — , and therefore j';«r ♦ = — , * Art.'ii«, 

whofe Fluent — is a general Expreffion for the Area 

comprehended between the Vertex and the Ordinate;?: 
Whence, expounding;', by b and c fucceflively, we get 

— - and — for the correfponding Values of ABC and 

ADE J whofe Difference — ' is the required Area 

BCED : But, to exprefs the fame independent of a^ it 
will be, by the Property of the Curve, b^ : r* :: AB : AD; 

O 3 whence. 



whence, by Divifion, ** : A*— c* :: AB : BD (d) and 
confequently — ^ — = •7-5=:<? j which nrftValue being 



wrote inftead of a, there refults BCED = 



3**- 3'* 



2d b'-^-bc^c 
= — X 



3 ^+' * 

After the fame Manner, the Segments of other Fi- 
gures may be found \ but in many Cafes they will be 
more readily had from a dire£l Inveftigation, without 
either finding the Whole or the Pait taken* away. 

Thus, in the Cafe above, if the Excefs of any Or- 
dinate RP above DE (c) be denoted by «;, we (hall 
have, by the Property of the Curve, b^ — c* (BC*— • 

DE*) : f"+^* — C' (RP*— DE*) :: DB (d) : DP= 

- ..^ ^ — 5 whofe Fluxion ( dX y^. ^x j 

multiply'd by c-^-w ( = PR ) gives d X 

nc^^xj 4" 4fw^ -f" 2w*ib 

,i ^a 9 for the Fluxion of the Area 

DPRE: Whereof the Fluent (which is 7.dwX 
Y^H^ ) will, when«;=i— f (orRPzzBC) 



be truly expounded by ^^ X ^ — r X j^* +iZ>f + j.^ 

b^ — c* 

or Its Equal, -7 X b±.c ^ ^*^ f^^ ^^ Ufore. 

Again ^_ for another Example, let CEP^r be copfi- 
der'd as the lower Fruftrum of an Hemifphere, whofe 
Center is the Point B : Then, BP being, here^ denoted 
by w, we (hall have / ( = BR^ — BP*) z=.b'^ — w% 

flA't. 145.. ^^ confequently //^i; * =pX b'-^j — w'vj y v^^hofe 

Fhient 
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Fluent (pXh'''iv — iw^ = xpwXsb''—w'' = ipwX 
2iF+T"^=U^ =ipw X 2^+7"= ^pX B?X 

2BC*+PR*) is the true Content of the Part CED^f j 

v^hich will alfo hold when the Figure is a Spheroid. 

This laft Method, of finding the Content of a Por- 
tion of a Figure, remote from the Vertex, will be of 
Service, when the general Value, for the Whole ^ can- 
not be exprelTed without an Infinite Series; becaufe 
fuch a Series, in that 'Cafe, not coverging, becomes 
ufelefs *. 

By dividing the whole propofed Figure, AHW, into ^^' 93« 
a Number of fuch Portions, HV, GT, FS, fcfr. the 
Content thereof may be obtained, when to find it at 
once, by a Series, commencing from the* Vertex, would 
be altogether impra£tlcable. 



T "v: 




B CMD E J? G 



But, to render fuch an Operation as (hort and eafy 
as may be, it will be proper to find each Part (DQ^ ^c) 
of the Figure, by means of a Series proceeding both 
Ways, from the middle Ordinate (MN) between the 
two correfpojiding Extremes (CR and DR.) 

Thus, let the Value of MN (found by the Property of 
the Curve) be denoted by a ; and let the Value of DR, 
in a Series, be reprefented by a-\-bx'\'Cx'^'\-dx^'\-ex'^'\' 
fx^+ i5fc. where x=MD ; then the Area MDRN will 

be reprefented by (he Fluent of ;cXtf+/'Jf+t**'^+^jf^+ 

O 4 ^c. 
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tti. or by«Xo+^ + ^ + — + Ht. Ami, 

b}r wtiting — x inftead of :r, the Ordinate CQ will be ex. 
prefled by a—bx-^cx^—dx^ ijc. and the Area MCQN, 

l.y-x«-T+T 



Therefore, ir D£, EF, FG, and GH be fuppoTed, 
each, = BC (2*; and the Areaa DS, £T, tic, (found 



as above) be denoted by 2;r X n + — A tjc. and 

3 5 



wX o + — + — fift. lefpeaivelyi it fbllova that 
theAreaCR + DS+ETwillhe reprefented hj IxX 

« + ^+«firt. +}«■ Xr + r' + r art. +4»>je 

;' at. 



'+' + ' 



rRi^y^ 



C M ]) m H 



An Example will Hww 
the Ufe of this laft Expref- 
fion : Let CHWQ. be a 
Portion of a Quadrant 
HAW of a Circle, whofe 
Bafe HC (conceived to be 
divided into four equal 
Parts) is equal half the Ra- 
dius AH, reprefented by 
Unity. Then, putting CM 
(=DM = D»7=mH=i) 



=«, HM (=}) =p, and 

Hm (^f ) = f , we have, by the Property of the Cir- 

«le, n (MN) = \/HN'— HM* = v/r^, and 

PR 
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DR (=a/HR*— HdO = J I —'p^^^ = 

\/i — ^*+ 2px—x'' = v<JM-^^~; which, 

a^A- — ;v* 7.px — ^^1 

in a Series, is (=« + — — g^i — + 6ff .) 



=tf + — — J. + A. X ;p* ere. Therefore, in this 



Cafe, i = — , f =;: — —4.^, isfr. Which Va- 

lue of Cy by writing i — a* for its Equal /►*, will be 

reduced to — 7-?. From whence it is alfo evident 

2a* 

thatc = — — (fuppofing a {mn) z^s^^i — ^*) 



<^6nfequently 2JrX^+^ + ^ ^^* +1'^' Xf+^+^' 



2X55 7g + StX63 /63^ 64X8X3 — 

64 V 64 64 V 64 

v^ +v^ ___J___. _ ' _ _. 

32^ 3X55V/55 3X63\/63 

n/55 +\A3 __ VTs _ V^fe^ _ 

32 3X55X55 3X63X63 

0,48730 =; the Area, CHWQ, that was to be found. 

This Example, chofen as an Illuftration of the fore- 
going Method, may indeed be wrought the common 
Way i whence the very fame Conclufion is brought out 

{Vidi 
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(Vide Art. 1 24. J But that Method is alfo applicable to 
any other Cafe, whether the Part propofed be near to 
the Vertex, or remote from it ; and whether the Figure 
itfelf be a Curve, Solid or Superficies ; fince the Mea- 
fure thereof may, always, be exprefled by the Area of 
a Curve. 

There is another Way, well known to Mathemati- 
cians, whereby the Area of a Curve may be deter- 
mined, by means of a Number of equidiftant Ordi- 
nates; which Method, derived from that of Differences^ 
may, alfo, be ufed to good Purpofe, in Cafes like thofe 
above fpecified : But, it having been treated of by feveral 
ethersj and alfo in my Differtations^ the Reader will cx- 
cufe me, if no further Notice is taken of it here. 



«ta 



SECTION XL 

Of the Ufe of Fluxions in finding the 
Centers cf Gravity^ Fercuffion^ and Ofcilr 

lation of Bodies. 

168. npHE Center of Gravity is that Point of a 
X Body, by which, if it were fufpended, it 

would reft in EquillhriQ^ in any Pofition. 

Lemma. 

l6q.' Let />, ^, r, j, l^c. he any Number of given TVeights^ 
hanging at an ivficxihle Line (or Rod) AM fufpended 
in Equilibrio, in an horizontal Pofition^ at the Point 
O 'y to determine the Pofttion of that Poir4. 

Since (by Mechanics) the Force of any Weight (p) 
to raife the oppofite End (M) of the Balance, is as that 
Weight dr^iwn into its Diftance (BO) from the Ful- 

crum^ 
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crum, we (hall, from the Equality of thefe Forces, 
have ^XOB+?XOC + rXOD=;:jXOE+VxOF, 




that is ^X AO— AB+^XAO'-AC+rXAO— AD=: 

jXAE— AO + /XAF— AO, and confequently AO=:; 

j > X AB + ^ X AG + rX AD + j X AE + ^ X AF 

p-^q + r + s-^t 

From which it appears, that, if each TVetght he multi^ 
ply^d by its Dijlance from the End [or any given Point) 
fff the yixisj the $um of all the ProduSfs divided by the 
Sum of all the Weights ^ will give the Dijlance of th^ 
Center of Gravity from that End [or Point,) 

Note. The Produfts here mentioned are, ufually, 
call'd the Forces^ of their refpedtive Weights ; not in 
rcfpeft to their Aftion at the Center O (which is cx- 
preiTed by a diflFerent Quantity) but with regard to the 
JEffefls they have in the Conclufion, or the Value of 
AO i . which appear to be in that Ratio. 

PROPOSITION L 

170. To determine the Center of Gravity of a Line^ 
Planey Superficies y or Solid (admitting the three former 
- capable of being affeded by Gravity.) 

Let AMBC be the propofed Figure, and G the 
Center of Gravity thereof; thro' which, parallel to 
the Horizon, let the Line EF be drawn, interfecling 
AC, at Right-angles, in 0;.alfo let AK and NM be 
perpendicular to AC, and parallel to EF, 

^71. Cafe 
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A 171. Cafer. If 

^^ the Figure AMBC 
he a Plane % let it 
be fuppofed to reft 
in Equilibria upon 
the Line £F ; and 
then, if the Line 
MN be confiderM 
as a Weight, its 
Force ( defined a* 
above) will be ex- 
preffed by MN 
drawn into its Diftane (AN) froni the End of the Axis 
AC ; that is by yx (fuppofing, as ufual, AN = at and 
MN==y.^ This, therefore, multiply'd by the Fluxion 
of AN, gives yxx for tlie Fluxion of the Force of the 
Plane AMN ; whofe Fluent, when x = AC, exprefib 
the Force of the whole Plane, or the Sum of all the 
Produfits of the Ordinates (or Weights) by their re- 
fpedive Diftances from AK: Which Fluent being,^ 
therefore, divided by the Area ABC, or the. Fluent df 
yx (according to the foregoing Lemma) the Qiiodent 

(Flu, yxx\ ^ 

pi^\ ) will give (AO) the Diftance of the Center 

of Gravity from the Line AK. 

172. Cafe 2. If the Figure be a Solid 'j let MN'be a 
Section thereof by a Plane perpendicular to the Ho- 
rizon ; then, the Area of that Section being denoted by 
J^ the Force thereof (confider'd as above) will be ex- 
prefled by Ax^ and the Fluxion of the Force of the Solid 
AMN by Axx j whofe Fluent, divided by the Content 
of the Body, or the Fluent of Ax^ gives AO, in this 
Cafe. But, if the Solid be the half (or the whole) of 
that arifing from the Rotation of a Curve AMB about 
its Axis AC ; then (putting /► for the Area of the Circle 
• Alt. 145. whofe Radius is Unity) A will become = | /Jy* * 5 and 

^ , .^ Flu. I py"^ XX Flu.y^xx 

confequcntly AO = ^^^.^^^ = ^^-— . 



173. Cafe 
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173, Cafe 3. If the Figure propofed be the Curve-line 

AMB ; then, the Force of a Particle at M being expreffed 

by AN or MQ, (x) we (hall (putting AM = z) have 

Plu. xk 

• = AO. 

174, Cafe 4. Bui if the Figure given be the Superficies 
generated by the Rotation «/ AMB about AC. 
Then, the Periphery of the Circle generated by the 

. ^ „ Flu. 2pyxx 

Point M being = a/y, it follows that ^^^ ^ - = 

riu.yx 

EXAMPLE!. 
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175. Ltt tht Figure propofed be the ifofceles Triangle ABC. 

A 



It is evident the Center 
of Gravity (O) will be 
fbmewhere in the Per- 
pendicular AQ,: Andy 
if AQ=:^?, BC=*, AN 
=A', and MM=7 \ then 

bx 
y being = — , we mall 

have, by Cafe I, AO (= 

l^u.yxx\ Flu.x'^'x 

Flu.yx J "" Flu. XX 

\ x^ 2x 

z=z T^ = — = * AQ» when x = AQ,; and confc- 

AO 
quendy OQ.= — r=. 

In the very fame manner, the Center of Gravity of 
any other (plane) Triangle will appear to be at f of the 
Altitude of the Triangle. 




EX- 



2o6 
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EXAMPLE II. 

176. Let the Figure fropofed be a Parabola of any Kind j 



whereof the Equation is j^ = 



»— X 



«+i. 



Here, 



Plu. yxx _ Fl u.x'^^x _n + i 



X X =z 



the Diftance of the Center of Gravity from the Vcrteji 
of the Curve. 

EXAMPLE IIL 

177. Let BAC be a Segment of a Circle. 

Then, if the Radius thereof be put =r, we fhall 
have_y (NM) z=i\/2rx — xx : Whence the Fluent of 
yxx (xx \/2rx — xx) will, by Art. 1 63, be found = — 



irx — xx\ 



+rX Area ANM j which divided by ANM, 



NM^ 



• Art. 



171. gives r — oxAreaANM^^^** This, therefore, when 

BAC is a Senoj-circk, 

, 576 

becomes t=, X 

1000 

r, nearly* 

But, with refpeS to 

the Center of Gravity 

of the Arch BAC; 

we have. Flu. xi^ ( by Cafe 3. ^ = Fluent of 

rxx 

-7 — = rX AM — MN 5 /and confequently 

^^r ^rx ■""" XX 




AO here = r — 



r X MN 
AM 



EX. 
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EXAMPLE IV. 

178. Let ABC (fee the preceding Figure) reprefent 
a Segment of a Sphere j or Spheroid, 

In which Cafe, denoting the Axis of the Sphere, or 
Spheroid, by a^ and the other Axis of the generating 

bh — 

Curve, when an EUipfis, by i,we have;^*=:— Xax — xxi 



Flu, y'^xx ^ Flu, ax — xx X xx ^ ^ 
and therefore p, ;. . * i= ^, =,• Art.17., 

^/«. y X piu^ ax — XX Xx 

— lax^ — ^x^- la — ix ^^H^ ^^• 

If the Solid be an hyperbolical Conoid, tKe Diftance 
(AO) of its Center of Gravity from the Vertex, will 
alfo be exhibited by the ExprefEon here brought out, 
when the negative Signs are changed to pofitive ones. 

179. In thofe Cafes where the Figure cannot be divided 
into two Parts, equal and like to each other (as a Curve 
is by its Axis, iffc) the Pofition of two Lines EO, eo 
(fee the enfuing Figure) muft be determined, as above ; 
in whofe Interfe(5ion (G) the Center of Gravity will 
be found* 

EXAMPLE V. 
Let ABC be a Semi-parabola of any Kind; whereof the 

Lquation is jr =z: 



a 



It appears, from Ex. 2. that (AO) the Diftance of 

EGO from the Vertex, is expreuid by —7— X AC : 

But to find the Pofition of oGe (perpendicular to EO) 
let M;z be parallel to eo^ or AC j then, AN being rziA-, 

and 



aoS 
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and NM (y) = -^^ , if AC be denoted by *, wc 




71 



fhall have M« = i— a-, and M» X NM X^= i —x X 






nbx^-^ 






n — 1 



n — X 



a«— a 



-", for the 
a a ~ a'^ ' 

Fluxion of the Sum of the ForceS^ in this Cafe {Fid» 



Art. 171.) whofe Fluent 



( 



nhx^^ 



nk 



fts-f-i 



ina 



111— 'A 



2»+lX« 



Off 



nx 



nx 



%n 



a 2 2« 



/ X 



BC* X AC 



L ^> ^* .*, I o > when;ir=:i) divided 

^^ , BC X AC\ » + I 

by the Area ABC (= ^^^ j gives ^;;q7j X 

BC for the true Value of C(7, or OG. Which> in 
cafe of the common Parabola, where nzzi\^ and 

vrhere AO (^x^XAC) = f AC, will become = |CB. 

Before I leave this Subjeft it may not be improper 
to take notice, that^ whatever Line you found your 
Calculations upon, by fuppofmg the P igure to reft, in 

Equilibrio^ 
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Equilibrio^ upon that Line, the very fame Point, for the 
Place of the. Center of Gravity, v^^ill be determ'ined. 

180. Thus, let 
O be the Point in 
the Axis AC, of 
a given Curve 
BAD, deter- 
mined, as above, 
by fijppofing the 
Figure to reft 
upon EF per- 
pendicular to 
AC ; and let 
RS be any o- 
therLinepailing 

through the Point O ; then I fay the Sum of the Mo^ 
menta of the Particles on each Side of RS will, alfo^ be 
equal. For, if from two Points, in any Ordinate MQ, 
equally diftant from the middle PointN, two Perpendiculars 
mr and ns be let fall upon RS, the Efficacy of thofe two 
Points, in refpeft to RS, will be reprefented by wr+wx, 
or its Equal 2NH (fuppofing NH alfo perpendicular to 
RS.) Whence the Efficacy of all the Particles in MQ* 
will be expreffed by their Number multiply'd by NH, 
or by MQXNH: Which is to their Efficacy (MQX 
ON) when referred to the Line EF, in the conftant 
Ratio of NH to ON, or of the Sine of the Angle 
RON to Radius. Whence it is evident that the Force 
of all the Ordinates (or the whole Curve) in the former 
Cafe, muft be to that in the latter, in the fame Ratio : 
But the faid Force, in the one Cafe, is equal to nothing 
by flypothefis, therefore it muft be likewife fo in the 
other : And confequently the Sum of the Momenta of 
the Particles, on each Side of RS, equal to each other. 

-Much after th^fame manner the thing may be proved, 
in a Solid : Wlience it will appear that there is aflually 
fuch a (fix'u) Point in a Body as the Center of Gravity 
is defined to be : Which, however evident from mecha- 
nical Ccnfiderations, is not fo eafy to demonftrate, geo' 
metrically J from the Refolution of Forces. 
. . ' P PR O. 

\ 
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PROPOSITION n. 

1 8 1. To determim thi dnier of Fercnjjion of a Boij, 

The Center of Percuffion is that Pointi in the Axis of 
Sufpenfipn of a vibrating (or revolving) Body, at which 
it may be ft opt, by an immoveable Obftacle, fo as to 
r^ft thereon in EquUlhrio as it were, without a&ing upon 
the Center of Sufpenfion. 

Let O be the 

Point of Sufpen- 
fion, G the Center 
of Gravity, and 
SLM a Sc^on of 
the Body, by the 
Plane wherein the 
Axis of Sufpeniioii 
OGS performs its 
Motion ; to which SeSion let all the Ptirtides of the 
Body be conceived to be transferred in fuch Parts dicreof 
where they would be projected into (ortb^grapkUalfy) 
by Lines parallel to the Axis of Motion ; which Suppo- 
fition will neither afFeft the Place of the Center of Gra- 
vity nor the angular Motion of the Body. 

Since the angular Velocity of any Particle P is as the 
Diftance, or Radius, OP, its Force in the Diredion, 
PB, perpendicular to OP, will be expreffed by PXOP* 
Therefore the Efficacy of that Force upon the Axis, at 
B, in the perpendicular Dire<Sion BN (fuppofing the 
Axis ftopt at C the Center of Percuffion) will be P X 

OP X Qg, whofe Power to turn the Body about tho 




Point C is therefore as PXOPX 



OP 
OB 



X BC = P X 



OP-XBC OPXOC-^OB T. .. OP* X OC 
OB -^^ OB OB 

— PXOP^ i which, if PQ^ be made perpendicular to 

OS, 



[• 
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^ OP* 

DS, will at laft (bccaufe ^y^- = OQ,) be reduced to 

PXOQ.XCOC— PXOP». By the vcryfame Argument, 

the Force of any other Particle P will be denoted by 

l^:kOQXdC— PXOP* feV. &c. But,^as all thefe 
Forces muft deftroy one another (bv the Nature of the 
Problem) the Sum of all the Quantities PXOQXOC, 

PXOCixOC, ^c. muft therefore be = the Sum of all 

the Quantities PXOP% PXOP* £5fr. and confequently 

OG= — . But (by the 

' PXOQ:l-PXOQ.+ ^c, &c. 

preceding Proportion) the Sum of all the Quantities 

PxOQ+PxOCy- ^^- is equal to OG X by the Con- 
i6tit of the Body. Therefore OC is likewife = 

Pj60P*+PxOP^+ &c. ^c. 
*" OG X Body • 

The fame otherwtje. 
Since the Force of the Particle P, in the perpendicular 

OP* 

Pire£):ionNB, is defined by P x Qg- $ or its Equals 

PxOq, the Sum of all the Quantities PxOQ, PxOQ, 
&fr. l^c. will exprefs the Force which, aSing at C per- 
pendicular to OS, is fufficient to flop the Body, without 
the Center of Sufpenfion O being any way afFetSled : 
This Sum, therefore, drawn into OC ( = OC X 

p X (XL+ P a OQ^+ ^c. &c.) is as the Efficacy of 

the faid Force to turn the Body about the Point O. But 

the Force of the Particle P, in the DireQion BN being 

OP* 
P x -Qjg ) it* Efficacy to turn the Body about the fame 

P 2 Point 
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Point (the contrary way) is as P X OP* ; and confe- 
quently the Efficacy of all the Particles as the Sum of 

all the Quantities PxOP% PxOP (^c. ^c. Therefore 
( Adtion and Re-a£lion being equal) we have OCx 

PxOQjfPxOQ+ (^c. = PxOP*+iScOP*+ ^c. tbi 

fame as before. 

For the Center of Ofcillation, it will be requifite to 
premife the following 

Lemma. 

182. Suppofe two exceeding fmall Weights C and P, 
a£ling on each other by means of an inflexible Line (cr 
IVire PC) to vibrate in a vertical Flane ROPCM, 
about the Center O ; '//V required to determine haw much 
the Motion of the one is affeSled by the other. 

R H Q ^ o Let CH and PQbe per- 

r • 1; ;• - -^^ pcndicular to the horizontal 

Line OR ; alfo let PB and 
CS be perpendicular to OP 
and OC refpeflively. 

If the Force of Gravity 
be denoted by Unity, the 
Forces a<5^ing in the Di- 
redlions CS and PB, where- 
by the Weights, in their 

Dtfcent, are accelerated, will, according to the Refo- 

OH OCl 

lution of Forces, be reprefented by qTj- and Qp". 

Moreover, fince the Velocities are always in the Ratio 
of the Radii OC and OP, if the forefaid Forces were 

OH 

to be in that Ratio, or that of P was to become qT, 

OP OQ 

X qTT-, inftead of Qp-. I fay, in that Cafe, it is 

plain, the Weights would continue their Motion with- 
out 
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out afFe£ling each other, or a£l!ng at all on the Line 
of Communication PC (or PB). Whence, theExcefs 

^ OCL , OH OP „ 
of Qp- above qt, X ^p muft be the accelerativc 

Force whereby the Weight P afls upon the Line (or 
Wire) OC, in the DireSion PB ; which multiply'd by 

r\r\ OHXOP 
the Weight P gives PX Qp- — — qqI — for the ab- 

folute Force in thatDire£l:ion: Which therefore , in the 

perpendicular Diredion NB, is P X ^^— ^^^.^ — 

OP 
X QD 5 whereof the Part aAing upon C, being to 

the Whole as OB to OC, is truly defined by P X 
OCL OHXOF ^ ^ J 

OC ~ OC3 •-<•'•• 

If P be fuppofed to aft upon C by means of PC (In- 
ftead of PB) the Conclufion will be no way different : 
For, let F (to (horten the Operation) be put to denote 

the Force (PX 2gr_Q^^Q^) in theDireai 
^ OP OC* / 

PB, found above, then the ASion thereof upon PC 
(according to the Principles of Mechanics) will be ex- 

Radius 
prefled by F X q . c\u^ > which therefore in the Di- 

Radius 
reftion SC, perpendicular to- OC, is F X q rnpR ^ 

S. PCO _ S. PCO S. PCO OP 

Radius — a./CPB — 5. Oi^C — *^ ^' OC ^ ^^' 
very fame as before. 

P 3 PRO. 
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PROPOSITION m. 

183. To determine the Center of Ofiillation ^ a Body. 

The Center of Ofcillation is that Point, in the Axii 
(or Line) of Sufpcnfion of a vibrating Body, into whicb 
if the whole Body was contradled, the angular Velocity 
and the Time of Vitvation would remain unaltered. 



R 



•I* ••■••• «(•■(■«■• 




Let LMS be a Seftion of the Body by a Plane, per- 
pendicular to the Horizon and the Axis of Motion^ 
paffing thro' the Center of Gravity G and the Point of 
Suf^enfion O ; and fuppofe all the Particles of the Body 
to be transferred to this Scdion, in fuch Places of it, as 
they would be projected into (ortbographically) by Per- 
pendiculars falling: thereon. (Which Suppoiition will no 
way afFe6t the Conclufion, the angular Motion conti- 
nuing the fame. ) Moreover let C be the Center of Ofcil- 
lation, or that Point in the Axis OS where a Particle 
of Matter (or a fmall Weight) may be placed fo as to 
be neither accelerated nor retarded by the Action of the 
other Particles of Matter fituate in the Plane, Then, 
if, from C and any other Point P in the Plane LMS, 
two Perpendiculars CH and PQ^be let fall upon the ho- 
rizontal Line OR, the Force of a Particle (or Weight) 
at P to accelerate the Weight at C, will (according 
to the foregoing Lemma ) be reprefented by P X 
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— ^ ^^5 : Which, fuppofing GN per- 
pendicular to OR, will alfo be exprefled by P X 

0(J ON OF" . TT , D v> 

^^ — -- y 7-—. , or Its Equal P X 

OC^ OG ^ OC* ^ 

OCLXOGXOC — O N X OP* , 
qJJ5 — . In the very fame 

manner the Force of any other Particle F will be re. 
prefentcd by ^X OCl X OG XJg - ON X OF- 

f^c. bfc. 

Therefore the Forces of all the Particles de- 
ftroying each other (by Hypothejis) the Sum of all 

the Qiiantities P X OGXO^X OC — ON X OP» 

+ ^xOGxOQxOC— ONxOP* (s'c. i^c. muft be 
equal to nothing : Whence P X OG X OQ,x OC + 

f" X OG X OCi.x OC (^c. i^c. =PxONxOP» + 

' ' ^^ ON 

PxONxOP* i!ic. iffe. and confequently OC = qq x 

PxOP-+PxOF-+ Iffc.^ Butr^^^rM7i.andi72.)the 
PxOQ:HHxOQ.+ ^c. 

Sum of all the Quantities PxOQ^fPxOC^fisfr. is equal to 
the Content of the Body multiply'd by the Diftance 
(ON) of the Center of Gravity G from the Line LM 

ON 

(perpendicular to OC) ; whence OC is alfo = r^ X 

PxOP^+PxOP ^c, efff ._ PXOP"+I^xOP^t5ff.fcfr, 

ON X Body "^ OGx Body 

Which Exprcflion continuing the fame in all Inclina- 

P 4 tions 
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tlons of the Axis OS, the Point C« thus determined is 
a fixed Point, agreeable to the Definition ; and appears 
to be the fame with the Center of Percuffion s fee 
Art. i8i. 

Corollary. 



/ / 



184. If PD, PU ^c. be perpendicular to OS, the Nu- 
merator of the Fraction found above, will become Px 



UG*+GP*— 20GxGL)+PxOG*+GP* + 2OG X 

GL)+ &ff. feff. (fince OP*=OG'*+GP*— 2OGX 
GD ^c.) Which, becaufe all the Quantities Px — 2OG 

xGD+PxzOGxGD&f^. orPx— GD+PxGlJfffr, 
(by the Nature of the Center of Gravity) deftroy one 



another, will be barely =P X OG* + GP*+ Px 

OG*+GP*+ fcfr. ^c. = P+P+ 6ff. X OG* + Px 
GP*+PXGPH- ^c. = Mafs X 0G*+ PXGP*+ 
^XG1^»+ ^c. Whence it is evident that OC is, alfo, 

>— ^^/^ XOG% + PXGP"+1^XGP"+ bV. fcff. V 
^ "^ Mafs X OG / 

PXGP*+^XGP* + l5fc. 
= OG -| ; and confequently 

MafsXOQ ^ ^ 

^^ PXGP*+hXGP-+ Isfc. &c. 

CLr^ r ■ 

Mafs X O G 

Whence it appears that, if a Body he turtCd about its 
Center of Gravityy in a DireSUon perpendicular to the 
Axis of the Motidny the Place of the Center of Ofcillation 
will remain unalter* d \ becaufe the Quantities PXGP*, 

rXGP* are no way afFeiled by fuch a Motion of the 
Body* 

It 
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It alfo appears that the Dijtdnce of the Center of Gra* 

vity from that of Ofcillation (if the Plane of the Body's 

Motion remains unalter'd) will be reciprocally as the Di- 

Jlance of the former from the Point of Sufpenjton. There^ 

fore^ if that Dijiance he found when the Point ofSufpen^ 

Jion is in the Vertex^ or fo pojited^ that the Operation may 

he^ivne the moji ftmple^ the Value thereof in any other pro^ 

pofed Pojition of that Point will likewtfe be given, by oni 

fthgle Proportion. 

185. But now, to (hew how tbefe Concludons may 
be reduced to Praftice, we muft firft of all obferve, that 
the Produ£f of any Particle of the Body by the Square of 
its Dijiance from the Axis of Motion is (here) calUd the 
Force thereof (its. Efficacy to turn the Body about the 
faid Axis being in that Ratio.) According to which, 
and the firft general Value of OC^ it appears that, if 
the Sum of all the Forces be divided by the Product of the 
Body into the Dijiance of the Center of Gravity from the 
Point of Sufpenjion^ the ^otient thence arijing will give 
the Dt fiance of the Center of Percuffion, or Ofcillation 
from the faid Point of Sufpenfton. 

The Manner of computing the Divifor has been al- 
ready explained ; it remains therefore to (hew how the 
Sum of all the Forces in the Numerator may be col- 
leded : Which will admit of fcveral Cafes. Wherein, 
to avoid a Multiplicity of Words, I fhall always exprefs 
the Diftance of the Center of Gravity from the Point 
of Sufpenfion by g^ and the Diftance of the Center of 
Percuffion, or Ofcillation, from the fame Point, by C 

186. Cafe I. Let O^ be a Line fufpended at $nt 

of its Extremes, 

Then, if the Part OP (confidered as variable) be de- 
noted by Xy the Force of x Particles, at P, will (as 
above) be defined by x X x^ : Whofe Fluent (f x^) 
therefore expreflTes the Force of all the Particles in OP 
(or the Sum of all the Produds, under each Particle, 
and the Square of its Diftance from O the Point of 
Sufpenfion. This Q^iantity therefore (when x be- 
comes 



t 
4 
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- - O comes = OS) being divided bv OSX f OS 
(according to the foregoing Rule or Ob« 

p /iOS» \ 

•^ fervaiion) we get \Tos^ =) I OS 

Q , for the Value of C, the true Diftance of 

the Center of Ofcillation (or Percuffion) 
I Q from the Point of Sufpcnfion. 



187. Cafe 2. Lit AB be a Ltne^ vilrating in a vertical 
Plane^ having its two Extremts A and B equally dijlant 
from the Point of Sufpenjion O. 

O If OG (perpendi- 

^\ cular to A B) be put 

/|^\ =tf, and GP=A-, the 

/ I \\ Force of X Particles 

/ 1 \ \ at P, will be den ted 

/ 1 \ \ by * XP4^= * X 

/ I \ \ ^ OP* * : Whofc Flu- 



C 



C-^^') « + 



BG* 



— = OG + r\r> =Ci when x becomes = GB. 

188. Cafe 3. Let APSQ^ he a Circle^ vibrating in a 
vertical Plane. Let PQ^he any Diameter thereof; then 
OP* +OQ! being = 2OG* + 2PG% the Sum of the 
Forces of two Particles at P and Q, (putting OG 

= ^, and AG =:rj will be z=i a^-{^r'X2 ; whence it is 
evident that the Sum of the Forces of all the Particles, 
in the whole Periphery, will be exprcfled by their Num^ 

ier X ^M^, or by Jh^* X P^riph. APSO : Which, 

if 
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if ^ be put = 3. 141 ^c, will 

be = tf* + r* X 2^ = 2/tf »r 
+2^r3. Hence the Force of 
the Circle itfelf is alfo given, 

being = Fluent of 2pa^r ■■\- 2pr^ 



?!lO 



• • 



X Circle APSQ, Now, if the 
two £xpreilions thus found 
be divided by tf X Periph. 
APSQ, and a X Circle APSCt 
refpeSively *, we (hall have 

fl 4" — ^'^^ ^ "^ ^ » ^'^'^ ^^® ^^^ corrcfponding 




•Art. i»5. 



Values of C. 



189. Cafe 4. Let AHBE he a Circle having its Plam 
(always) perpendicular to the Axis of Sufpenjion OG. 

Let AGB be that 
Diameter of the Cir- 
cle which is parallel 
to the Axis of Mo- 
tion RS ; and let £F 
be any Chord parallel 
toABandRS; whofe 
Diftance, GP, from 
the Center of the 
Circle, let be denoted 
by *•; putting OG 
:?= ay and AG = r ; 

Then, by the Nature of the Circle, EF = 2V^r* — x^^i 
whofe Diflance OP, from the Axis of Motion RS, it 

alfo given =: N/a^+A**. Hence it appears that the 
Force of all the Particles in the Line EF {defined in 

Art. 185O will be reprefented by I*+^X 2 \/r* — x^\ 

Therefore x X cF^\^^ X i\/r^ — x'' is the Fluxion of 
the Force of the Plane ABFE \ whrfe Fluent (when 

5 ^=^>) 




k 
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;r = rj fa = «» + J r* Xi/r/^ AEFBG ; which, if i> 
be put for the Area of the Circle whofe Radius is Unity, 

willbe = a*+ir»Xf^*; whereof the Double (^aV* 
+ iP^^) ^ t^e Force of the whole Circle AEFH : 

whofe Fluxion 2parr-\'pr^r (fuppofing r variable] being 

divided by r, we like wife get 2pa^r+pr^ ( = a* + i '^^ 
X Peripb. AEFH ) for the Force of the Periphery 
AEFH. But the Center of Gravity, whether we re- 
gard the Circle itfelf or its Periphery, is in the Center 
of the Circle ; therefore the Diftance of the Center of 
Ofciilaticn from the Point of Sufpenlion, will in thefe 

two Cafes be exhibited by « + TI ^^^ ^ + T^ '^^" 

fpeftively. 

If the Circle, inftead of being perpendicular to GO, 
either coincides, or makes a given Angle with it, the 
Value of C will come out exaSly the fame ; provided 
the Diameter AB fiill continues parallel to the Axis of 
Motion RS : This appears from Art. 184. and may be, 
otherwife, very eafily demonftrated. 

190. Cafe 5. Lit the Figure propofed be a Curve AEF^ 
moving {flat-ways^ as it were) fo that the Plane de- 
Jcribed by the Axi$ OAS may be perpendicular to that 
fif. the Curve. 

Here, putting AP=^, PN=:>r, 
AN=z, OA=:i, OG=^, and 
AG=^7, the Force of the Par- 
ticles in MN will be defined by 

• 7y X d+x *• Therefore the 

Fluent of 2yxXd'\'^^ will be 

as the whole Force of the Plane 
NAM (or AEF, when x = 
AS ) and confequently C = 

Flu. 5+1* Xyx 

Which, there- 




Flu. d-^-xXyx 



fore 
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fore, when the Point of Sufpenfion is in the Vertex A» 

Flu. yx^x 

will beicome C = -rv '* J-'^t this Value be dc- 

rlu, yxx 

noted by v ; then, the Diffance of the Centers of Gra- 
vity and Ofcillation being ta-— <?, we have (by Art, 184.) 

g\a '.'. V — a : ( 1— !!Zlf J the Diftance of the fame 
Centers, when the Point of Sufpenfion is at O, and con- 

fequently C, in that Cafe, =g+ ^Xv—a, ^^j^j, 

g 
Form will be found more commodious than the fore-:' 
going in moft Cafes. 

After the fame Manner the Value of C, with refpe^i: 

of the Arch AEF, will appear to be = — - — === — 7- 

Fiu, d'i'xXx 



_L ^X V — a 



Flu. x'^k 



It may not be improper to give an Example or two 
of the Ufe of the foregoing Theorems, 

191. Let therefore EAF be, firft, confider'd as an 
ifofceles Triangle : In which Cafe AP (x) and PN (y) 

bx 
being in a conftant Ratio, we have ;r = — ( fuppoung 



Flu. 3+a* Xyx\ 

SF=i and AS=f.) Hence C (= —- r==— — 7 I 

' . Flu. a-f-x X yxy 

Flu.d^xx+idx'^x + x^x l:d'' + idx + ^x^ _ 
— Flu.dxx + x^'x ~ id+ix 

6 — jl ■^+ 1^ . . Q^ ^according to the fecond Form) 

6^ + 4^ 

I'^c^"'"^ ^ ( F^u.^yxl ) = 7 > »»^ ^ « J^own to 

be 
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Art. 175. be = y *, we have C (=/ + i2iZZli'\ =;f 



;r* 



Flu, 



Agnoy becau fe z a nd x are. in a conftant Ratio, we 
Flu. Jp*Xi Fltt. 7f^*X* 

^^^ /7«^. d+iXi ~ Flu. T+HXx ~ 
1/* -j. rfj^ ^ A jr* 
— 7-7—5 > whence the Center of Ofcillation of 

tJie Lines EH and AF is given. 

192. For a fecond Example, let EAF be fupt>ored i 

a 

X 

Parabola of any Kind, whofe Equation is ^ 1= -^^ : 

c 

Then (according to Form 2.) we fliall firft have v (= 

h.yx^i\ Flu.x"**x M^X* . 

7 ~ I = .4.. := ■ „ : Whence, 

lu.yxx J Flu.x'**ii » + 3 

• Alt. 176. a being = "J:i2il ♦, we alfo get C (=f + f^^!^^) 

=f + ,7 ^-^ = ; where gznd + —L- , 

But, with refpe<a to the Arch of the Curve, v (=: 

Flu. x'^k \ . Flu. x'-xK/ c'-^-^+nnx^''-^ ^ 
-w, ) IS =: • - - ' ■ : rrom 

Flu. X^ J ^.^ ^.^ ^^n^^^^^^^n^ 

which Value (found by infinite Series, and even with- 

• Art. 138. out in fome Cafes *) that of C will alfo be given. 

193. Cafe 6. Let the propofcd figure be a Curve vi^ 
brating {edge-ways) fo that the Motion of the Axit 
may be in the Plane of the Curve, 

1 hen {by Cafe 2.) the Force of all the Particles in 
the Line PN {fee the preceding Figure) being defined 

by OP^xPN+tPN3, or^'*x;'+3>'^ (retaining the 

No- 
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Notation abovej wc have C= ^l^^^^^^^+lf- . 

Flu, d^xXyx 

Which, when the Point of Sufpenfion is in the Vertex 

Flu. yx^k -|- \y^x 
A, will become -pi — 'kk * ^ (when 

found) be denoted byt;; then, it appears from the 
preceding Cafe, that the general Value of C will, alfoy 

be reprefented by *g + . 

g 

In the fame manner the Value of C, with 
refpeft to the Arch EAF, will be expounded bj 



/7«.i+^-f/X« ^ or by ^ + 1^^!!=?, fuppofingz;= 
Flu. d+x Xi. i 

Flu. X* +/ X i 
Flu. XX 

194. Example. Let the Equatien ef the given Curve bt 
_ *" -ru , Flu, yx-x + ^ y^i \ 

y - 7=;= T''*" " (= — Fiiir^ — J = 

Flu, c X x + fc^ ^ x^ X __ n + 2Xx , 
Flu. <:»- V+»* «+3 

3« + iX*"** *+3 3X^^+7 

= rf- Xx-\- "^^ X — : From which the 
"+3 3X3« + i * 

Value of C is alfo given ; and from whence it appears, 
that if n be expounded by o, v will become = 

2x 2y* 2 **+j'* 

r" + ~ = — X — - — ; in which Cafe the Figure 

Will degenerate to a RedJangle : But, if n be inter- 
preted by J, the Figure EAF will then be an ifofceles 

Triangle, 



224 



The V/e of Fluxions ' 

Triangle» and ^ = "T + — '• Laftly, if « be taken 
= f , the Curve will be the common Parabola, and vm 

7+T- 

195. Cafe 7. Let tht Figure AEFH be a Solid generated 
by the Rotation of a Curve EAF about its jfxis AS ; 
having its Baft HH parallel to the Axis of Motion 
BOC. 



B 



O 



Art. 185. 



It appears, from Cafe 4. 
that the Force of all the 
Particles in the circular 
Seaion hh (parallel to HH) 
will be exprefled by 

OF+iPN^ X Circle hb, 

orOP*XPN» + iPN*x^ 
{p being = 3.1415 ^c.) 
which, in algebraic Terms, 

is d+x"- X y"- + \y^ X p. 
Hence we have C = 



FlurT\^^Xy^+\y^Xpx ^ _ Flu,d^''y.y'-x+ly^x 



Flu. d + xX pfx Flu. d-^-xX y'-x 

Which, therefore, when the Point of Sufpenfion is in 

Flu, y'^x^x + i y'^x 
the Vertex A, becomes vy — T^- ' = ^ 3 and 

as in the preceding 




confequently C = ^ -f- — ^^Hl- , 



g 
Cafes. 

But, with regard to the Superficies of the Solid ; it 
is found, in Cafe 4. that the Force of the Particles in 

the Periphery Mh^h is exprefled by OP* + iPN* X 

Periph. MhNh = 5+?* X 2py + py-^. 

Hence 



■ 

tn finMn'g the Centers of Gravity^ &c. iij 

Hence the Fluent of 5+^* X 2py+py^X^i divided 



■) 



will give the true Value of C with refpeft to the cufve 
Surface EMAF. Which, putting v — — ^/^^ ^ / - i 



ax V — a 



is likewife exprefled by ^ + 

g 

196, Ex. i . Let EAF be conftdered as a Cone ; theri^ 

putting AS =/, SF = if and AF=r, we have y — ^; 

« = f i and therefor. C (= E!!f^^:Xf±^\ 
J Flu. d+xxy^x J 

-~ ■^r.p[^f , when*=/. But. 

with refpeft to the convex Supcrficicsj C will be found = 

12^+8/ ' 

197. Ex. 2. Z^/ EAF Be. he corifidered as a Sphere 
whoje Center is S, and Radius AS=r 5 in which Cafe, 

y"- being = irx-^x^^ we have v (= ^^^ , ^^ J 

i7«. r Vi- 4- rx»;t — J ;f ♦x f r* + ; r;^ — ^ ** 

Flu. 2rx'^x — x^x |r — ^^x - 

whence C is alfo given; But, when ;r = 2r (or the 

yr 
whole Sphere is taken) v = *-": Therefore ^ being =r, 

and g = OS, in this Cafe, we have C ( = ^ -p 
axv — a\ , ^X2 r 2r* 
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T> ^ 198. Cafe 8. Lit tbi Ft- 

gure propofed bi a Solid^ as 
in the preceding Cafe^ but let 
its Axis AG be^ here^ pa- 
rallel to the Axis §f Amotion 

ORS. 

Then, ii; RP (OG) be 
f^t = g, 3,1459 fsff. =/, 

A? = x(src. the Force of 
the Particles in the Circle 
NM (paraUel to £F) wiU 

be exhibited by g* + |>* 

Cafe 2') Hence we have (7=s 
^ aH: l\^\ ^^' PiY^ + kt>f^ ^ _ Flu.pg-y^x^lpy^x 

g X Solid gX Flu. pf-k ^ "" 

Flu. \ y^x 
^ "^ ^ X Flu. y^x * 

Moreover, with refpeft to the Superficies j the Force 

of the Particles in the Periphery of the faid Circle MN 

• Art, 1S5. being ^pg^y + ^py^ *, we have, in this Cafe, C = 

Flu. Q.pg'y + 2^ y g _ /'^«- 2/>^V« + 2^'« 




g X Flu. %py9^ 



= ^+ 



g X Superficies* 
Flu. y^x 
gxFlu.yz* 

199. Ex. !• Let EAF be a Segment of a Sphere^ 
whofe Radius isr*, then;''^ being =2r;f — x\ we (haU have 
Flu, f ;;^x \ _ /y^/. 2r^jcV— 2ry3;^^XA-^;^ 
C (^+ g^piu,y^x) ~^^ g X Flu. 2rxx — x^-x 

*r*^ — Irx^ + roX^ '2or^^^^iSrx+^Xx 

=g + ' ===== =H 



gxr 



3or — loxXg 



Which, when x Is expounded, either, by r or 2r, be- 



2r 



comes = ^ + ~» for 



^true Value of C/^when 

either 
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cither the Hemifphere, or whole Sphere, is taken. But, 
Vfith refpcft to the Center of Ofcillation of the Super- 

ficies thereof^ we have «jn this Cafe = ■ - =* • Art. i4li 

rx , Fla. y^^ , 

= — : And therefore f H rrW/ ' =^ ^ + 

y ^ gX Fw* y^ 



X V* 



g X Flu. rx i 

oc:sit^ or X SSL 2r, becomes g + "TT* 

aoo. Ei. 2. irf /Atf Solid E AF .i^ a Paraboloid^ whofi 

gtnerating CurOe is defined by the Equation y = ^^^ : 

c 

Then C^szg-4 — —-=r — —^=^g'r z 1__,^ 

'^ iXFlu.y^x ^^^ ^^p^^^^^n.^^^n 



= g+ -T-" ■. 17I::T=^ + -=-^> Where, 



. 2;g + iX.»^'' 2yg +iX/ 

4«+i )i a^f*** — 1 — ^ + 4« + iX 2j:^ 

if » be taken = o, the Figure will become a Cylinder, 

y 

and C zzg-\' — : But if n be expounded by i, the 

*g 

Figure will be a Cone, and C 2= ^ + — . Laftly, if 

n be taken = f » the Figure will be the Solid generated 

from the eommon Parabola and Cscg -\- 



y^ 



3£ 
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SECTION XII. 

Of the Ufe of Fluxions in determining 
the Motion of Bodies affeSled by centripetal 
Forces,, 



• Art. 2. 



PROPOSITION !• 

201. rjryHE Mction^ or Velocity^ acquired by a Body 
J[ freely defcending from Reji^ by the Force of 
an uniform Gravity^ is proportional to the Time of its 
Defcent j and the Space gone over^ as the Square of that 
Time. 

The firft Part of the Propofition is almoft felf-evi- 
dent : For, fince any Motion is proportional to the Force 
by which it is generated, that generated by the Foitc 
of an uniform Gravity muft be as the Time of Defcent; 
becaufe the whole Effeft of fuch a Force, ading equally 
every Inftant, is as that Time. 
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Let, now, the Velocity acquired 
during a Defcent of one Second of 
Time, be fuch as would carry the Body 
uniformly over any Diftance b in one 
Second 5 and let AB (x) denote the Di- 
ftance defcended in any propofed Time 
t i which Time let be denoted by PQ^; 

making Bb=zx and Q.^ = r ; Then it 
will be, as 1 : / :: ^ : (bt) the Diftance 
that would be uniformly defcribed in i, 

with the Velocity at B : Alfo i : / ;: 

the faid Diftance (bt) to bttz=x*. 
By taking the Fluent whei'eof we get 

itt' 
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f bt^ =zx. Therefore the Diftance defcended (Iht^) is 
^ the Square of the Time. ^ E, D, 

Otherwije^ without Fluxions. ' 

Conceive the Time (PQ^) of falling thro* AB to be 
divided into an indefinite Number of very fmall equal 
Particles, reprefented, each, by w; and let the Diftance 
defcended in the firft of them be Ar, in the fecond cd^ 
in jhe third de^ &c. fcrV, Then, the Velocity being al- 
ways as the Time from the Beginning of the Defcent, 
it will in the Middle of the firft of the faid Particles be 
defined by f ;« ; in the Middle of the fecond by i f w ; 
in the Middle of the third by 2 | m, ^c, ^c. But, 
fmce the Velocity at the Middle of any Particle of 
Time, is a Mean between thofe at the two Extremes, 
or betwixt any other two equally remote from it, the 
correfponding Particle of the Diftance AB may, there- 
fore, be considered as defcribcd by that mean Velocity. 
And fo, the Spaces yfc^ cd^ de^ ef^ ^c. defcribed in equal 
Times, being refpeftively as the faid mean Celerities jm^ 
I f>z, '2 I »z, 3 f /», ^c, it follows, by Addition, that 
the Diftances Ar, Arf, A^, A/, ^c. gone over from 

the Beginning, are to one another as "7-, — , — ^, ~r^> 

M ^ 2» ^ 

fffr. or I, 4, 9, 16, 25, fcfr. that is, as the Squares of 
the Tiipes. ^. E. D. 

Corollary i. 

• 202. Since the Diftance that might be uniformly run 
over in onjp Second, with the Velocity at B, is ex- 
prcffed by ^f, theDJftance that might be defcribed with 
the fame Velocity in the Time t will therefore be ex- 
prefTed by ^/X/, or bt\: Whence it appears, that the 
Space AB ( f bt^) thro' which the Body falls in any 
given Time /, is juft the half of that which woi^ld be 
uniformly defcribed with the Celerity at B, in the fame 
Time. 

Therefore, fmce it is found from Experiment, that a 
Body near the Earth's Surface (wher^ the Gravity may 

as b« 
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be taken as uniform) defcends about i6tV Feet in tb« 
firft Second, it follows that the Value of b (is in this 
Cafe) =:2X i6T*a==32| : And confequently the Number 
pf Feet defcended ip t Seconds, equal to j6^Xt*. 

CoROI^LART 2. 

203. It is evident, whatever Force the Bodv de;* 
fcends by, the Value of b will always be as that forces 
fmce a double Force, in the fame time, generates a 
double Velocity ; a treble Force, a treble Velocity, i^c. 
Therefore, feeing our Ec^uation f bt^:=2x, alfo gives /=^ 



J 



— , and b cr 



X 



%* 9 



it follows. 



1. That the Diftance defcended is, univer/aUy, as 
tlie Force and the Square of the Time conjun£lIy. 

2. That the Time is always as the Square-root of the 
Diflance applied to the Force. 

3. And that the Force is as the Diftance apply'd to 

the Square of the Time And it may be further ob- 

ferved, that, whatever is here faid with regard to the 
Time, alfo holds in the Velocity, being proportional to 
the Time. 

PROPOSITION IL 

Jj^ 204.. To determine the Velocity^ 
and Time of Defcent^ of a Body 
E olong an inclined Plane AC. 



B 




From any Point F, in AC, 
draw FE perpendicular to the ver- 
tical Line AD, and make FB and 
CD perpendicular to AC, meeting 
AD in B and D. Becaufe (by 
the Principles of Mechanics) the 
Force of Gravity in theT)ir^£llon 
CF, whereby the Body is made to 
defcend along the Plane, Is to the 
abfolute Force thereof, as AF to 
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Afiy or as AC to AD ; and fince (by Cafe i • Art. 10^.) 
the Diftances defcended in equal Times are as the 
Forces, it jfollows that the Time of Defcent thro* AF 
will be equal to the Time of the perpendicular Defcent 
thro' AB : And confequently the Time of Defcent thro* 
AC equal to that thro* AD ; which is given by Prop. i. 
Moreover, becaufe the Velocities at F and B, acquired 
in equal Times, are as the Forces, or as AF to AB t 
and it appears from Prop. !• that the Velocity 

at E is to that at B, as \/AE : \/ABy or as 

VAE X AB (=AF) : \/aB X AB ( = AB) it fol- 
lows, by Equality, that the Celerity at F is equal to 
to that at £ s which is therefore given, by the preceding 
Propofition. ^ E. /• 

Corollary. 

205. Hence the "Time of Defcent along the Chord 
AC of a Semi-circle ACD is equal to the Time of De- 
fcent along the vertical Diameter AD : And, if the Chord 
DG be of the fame Length with AC (its Inclination to 
the Horizon being alfo the fame) the Time of Defcent 
along it will alfo be equal to that along the vertical 
Diameter. 

PROPOSITION III. 

206. Ifyfrom two Points 
A and D, equally remote 
from the Center of Attrac- 
iion C, two Bodies move^ 
with equal Celerities y the 
one along the Right-line 
AC, the other in a Curve- 
line DBQ, their Celerities^ 
at all other equal Dijlances 
from the Center^ will be 
equal. 

For, let CB and CE be 
any two fuch Diftances ; 
let the Arch BE be de- 

CL4 
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fcribed, frpm the Center C, and alfo iby indefinitely 

near to' it, cuttingCB in n: Let the centripetal Force 

at the Diftance of CB, or CE, be reprefented hjf^ and 

the Velocity at B, by v. 

By the Refolution of Forces, the Efficacy of the 

Force (f) in the Direftion B*, whereby the Velocity 

B« 
of the Body is accelerated, will be gr- X/.- Alfo the 

Time of moving over Bb (being as the Diftance apply'd 

B* ^ 
to the Velocity) is reprefented by — : Therefore the 

Jncreafe of Velocity^ in moving thro* Bb, being as the 

Bn 
Fprce and Time conjun£Uy, will be defined by gr Xf 

Bb Bn ^ 

X — , or its Equal ~ Xf. In the fame Manner, 

the Velocity at E being denoted by «;, the Time of 
falling thro' E^ will be rep^refented by — , and the Ver 

E^ 

locity generated in that Time by — xf: Which is to that 



w 



( 



Bn 

— X/) acquired in falling thro* the Arch B^, as 



to -^. Therefore, feeing the correfponding Incre- 



w 



ments of Velocity are always, reciprocally, as the Ve- 
locities themfelves, it is manifeft, if thofe Velocities are 
equal, in any two correfponding Pofitions of the Bodies,, 
they will be fo in all others, being always increafed 
alike. But they are equal at A and D by Suppofltion : 
Therefore, ^c. ^ E. D. 

PROPOSITION IV. 

207. 7*0 find the Ratio of the Velocities^ and Times of 
Defcent^ of Bodies ^ in Curves s the Force of Gravity 
being confidered as uniform. 

Let ARD reprefent a Curve of any Kind, alon^ 
W}iich a Body defcends, by the Force of its own Gra- 

' ■ vity 



A 




C 

B 
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vitjr from A ; let AC, RB, ^c. be parallel, and CD 
perpendicular, to the Horizon ; moreover, let H« touch 
the Curve at R 5 and let CB = «, AR = w, and 
R»=<w ♦. 

Since the Points B 
and R (as well as C 
and A) may be looked 
uppn as equally re* 
mptp f|tom the Earth's 
Center (to which the 
Gravitation tends), the 
Velocity acquired in 
defcending thro' the 
Arch AR will {by the 
laji Propofttion ) be 

equal to that acquired by falling freely thro- the 
Right-line CB; which laft Velocity (by Prep. 1,) is 

always as \/CB (or«|). Therefore the Celerity, 
whether the Body moves in a Right-line, or a Curve, 
is always in the fubduplicate Ratio of the perpendicular 
Defcent ; and fo, the Time in which R« (^w) would be 
uniformly defcribed, with that Celerity, will be univcr- 

fally as ~T ; whofe Fluent is as the Time of falling 

thro' AR. ^ E. I. 

EXAMPLE. 

208. Let the Curve ARD be any Portion of the 
common Cycloid ; whereof the Vertex is D and Axis 
DC ; and whofe Nature (putting DC=r, and the Ray 
of Curvature at D = a) is defined by the Equation 2a 

XDB=DR*. Here, we have DR {=\/TaX\/DS) 



233 



t Aft. 135. 



f« 



= V2^ X c — u^^ J whofe Fluxion — s/ia X 
with a contrary Sign, is the Value of R« or <m; j 

and 



u 



1 J 
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IV 



f u 



■1 l< !■ 



therefore rr" = V^2tf X . 

»2 \/cii — 



uu 



! Whofc Fluent) 



at the loweft Point D, where u becomes =; r, will (iy 
Art. 1 42.) be equal to V 2tf multiply'dby^*— — — j 



half the Meafure of the Periphery of the Circle whofe 
Diameter is Unity. Which Fluent (and confeqtiently 
the Time of Defcent) will therefore continue the fame, 
let the Arch DA be what it will. 



PROPOSITION V. 

20g. To determine the Paths of Proje^iles war the 
EartVs Surface '^ (neglecting the Refijlana of thi 
Atmofphere.) 

Let aBody be pro- 
C jeSed from the Point 
A, in the Diredion 
of the Line AC, with 
a Velocity fufficient 
to carry it uniformly 
over the Diftance d 
in the Time / ; and 
let the Space thro* 
which it would froely 
dcfcend, by its own 
Gravity, in that time, 
be denoted by ^; alfo 
let the Sine of the 
Angle of Elevation 
BAC (to the Radius 
r) be put = J, its 
Co-fine = f , and the Diftance of the Point A from the 
Ordinate Urn (confidered as moving parallel to itfelf 
along with the Body) = x ; then, by Trig. HG (per- 




sx 



rx 



pendicular to AB) will be = — , and AG = — . 

Becaufe the ProjeSlle is .turned afide, continually, 
from a rcvSlilincar Path, by the Earth's Attra&on, it 

rcuft 
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muft defcribe a Curve-line hmEmB^ to which AC is a 
Tangent at the Point A : But that Attraction, aAing 
always in a Diredlion (H/n) perpendicular to the Ho- 
rieon, can have no EfFefl upon that Part of the Velocity 
with which the Body approaches the Line BC, parallel 
toHm; therefore the Right-line HG (in which the 
^ody is always found) will continue to move uniformly 
towards BC, the fame as if Gravity was not to wBi % 
and the Diftance Gm defcended froih the Tangent ACt 
by means of the Attraction, will be the very fame as if 
the Body was to defcend from Reft along the Line GH* 
This beiog premifed, it is evident, that as d : AG 

f — j i\ t : ( "T X ^ J the Time of defcribing Am i 

and, as /* : ^a X /* :: * : V7v*">' ^^^ ^^^^ ^ ^^ 

thro' which a Body would freely defcend in that Time 

{hy Prop. I.) 

sx br^x^ csd^x — br^x* 
Hence — — -^^ , or -^ is a general 

Value for the Ordinate H^: By putting which = Of 
we get X = r-r ^AB = the Amplitude of the Pro- 

jeClion. But, by putting- its Fluxion equal to nothing, 

csd* 
we have x = -r-i ; which fubftituted for x in the Va- 

lue of Hm; gives -r-r for the Altitude DE of the Pro- 

jcaion. ^ E. I. 

Corollary. 

210. If another Body be projcfled, with the fame 
Celerity, in the vertical Dircflion AS j then, s becoming 

;:= r, the Altitude of that Projcftion [ jj^J will be- 

con\c 
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rf* 



come n[ =? AS ; which call h^ and let this Value be 

fubftituted in thofe of AB ayd D£, and they will be- 
come — T" and -r refpe£lively. 

Hfence, if from the Point Q^ where the Line of Di- 
reftion AC cuts a Semi-circle defcribed upon AS, the 
Lines SQ^and QP be drawn, the latter perpendicula rto 
AB, the Triangles ASQ^and AQP being fimilar, we 
(hall have 

r:s::h (ASJ : — = AQ^ 

r:s::- (AQ.) : -pr = PQ.= DE 

sh sch , _ 

r : ^ :: 7 (AQ,) • -p = AP = i AB 



P PROPOSITION VI. 

211- To determine the Ratio of the Forces^ whereby Bof 
, dies^ tending to the Centers of given Circles^ are made 
to revolve in the Peripheries thereof. 





Let ABH and M he any two propofcd Circles, 
whereof let AB and ab be fimilar Arcs j in which, let 

the 
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'the Velocities of the revolving Bodies be refpe(9ively as 
V tQV\ make DBK and \dbk parallel to the Radii AC 
and ac^ putting AC=::^, ac:=.ry and the Ratio of the 
centripetal Force in ABH to that in ahh^ as F to f. 

It is plain, becaufe^ the Angles ABD and abd are 
equal, that the Velocities at B and B, in the Diredions i 

BK and bk^ with which the Bodies recede from the 
Tangents AD and ad, are to each other as the abfolute 
Celerities F znd v *. But thofe Velocities, being thc*^'** 3S» 
EfFefis of the centripetal Forces afting in coirefponding, 
fimilar, Diredions during the Times of defcribing AB 
and ab^ will therefore be as the Forces themfelves when 
the Times are equal ; but when unequal, as the Forces 
and Times conjunftly. T^ierefore, the Times being 

AB ^* Je r 

univerfally as -rr to — , or as tt to — ( becaufe the 

Arcs AB and ab are fimilar) we have, 2ls FX 'p C/x 

r 

— :: F Iv, whence (multiplying the Antecedents by 

F ^ v\ 

•K" and the Confequents by --7 1 it will be, bs F :/:: 

-j^ *. — : Therefore the Forces are as the Squares of the 
Velocities diredly, and as the Radii inverfely. 

Otherwife. 

Let the indefinitely little Arch AB be the Diftance 
that the Body moves over in a given, or conftant Par- 
"^ticle of Time; and let the centripetal Force at B be 
meafured by twice the Subtenfe or Space AE thro* 
which the Body \^ drawn {rom the Tangent AD in that 
Time f . 

Then, 

\ The Velocity ivbich any Force, uniformly continued j is ca- 
pable of generating^ in a gi'-jen Boi'iy, in a given Time^ is the 
proper Meafure of the hit en City of that Force *. But this Ve-^ Art. 203. 
locity is itjelf meajured by the Space the Body 'would mo've uni- 
formly 
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Then, by the Nature of the Circle, AB* = AH X 

AB* 
AE = AC X 2AE, and confcqucntly 2AE = Vq" : 

Therefore, the Force is as the Square of the Velocity ap* 
ply'd to the Radius of the Circle (as before.) 

Corollary I. 

212. Becaufe, -^ •/•• j^ t — , it follows that 

r : vv. y/ RF '. y/7f, vaA 

Corollary IL 

213. If the Ratio of the periodic Times be denoted 
by that of iP to ^ ; then die Ratio of the Velocities Fy v 

R r ^ , . 

being as -p to — , we Ihall have, by Equality, \/^RFi 

y^ R r 
\^r/:: p" * T" > whence alfo 

R r 
F:f:: pi : -r, and 

RlriiFP'-ifp^. 

formly over in a given Time ; ijohich Space is alvuays the douhU 
of that thro' vjhich the BoJy njnould freely iefcend^ from Refi^ 
'1 Art. 20*.'^ '^^ y27«i^ time J. Therefore 2AE is the proper Meafure of 
the centripetal Force ^ according as lue have affiimed it."-^ 
*7is true, «when the Forces to be compared are all computed 
in the fame Manner ^ from the Nafcent^ or indefinitely fmall 
Subtenfes of contemporaneous Arcs, it matters mot ^whether 
*we confider thofe Subtenfes^ or their Doubles^ as the Mtafures 
of the Forces^ the Ratio being the fame in both Cafes, But 
nuhen the Forces fo found are to he compared luith others de^ 
rived from a ftuxional Calculus, it is abfolutely neceffary to 
take the double Subtetife for the Meafure of the Force. * 

This Note is inferted, that the Learner nioy avoid the Errors, 
vuhicb fome very confider able Mathematicians have f alien ints 
hy not properly attending to this Particular^ 

Co- 
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Corollary III. 

214. If the Meafure of the Force, or the Velocity 
that might be uniformly generated in a given Time (i) 

be expounded by any Power a^ of the Radius AC {a) ; 
then the Diftance thro' which a Body would freely 
defcend in the fame Time, by that Force, uniformly 

continued, will be exprefled by f «■ *. Therefore, *'^*«*» 
the Diftances defcended, by means of the fame Force, 
uniformly continued, being as the Squares of the 
Timfes J, it is evident, if the Time of moving thro' J Ait, aos« 
AB be denoted by /, that the Diftance A£ defcended 

in that Time, will be denoted by — Xftf : And fa 

we (hall have AB (\/2AE X AC) = y X « * ; 

which being the Diftance defcribed by the revolving 
Body in die Time ^, it follows that the Space gone t)ver 

in the given Time (i) will be « * : Which, there- 
fore, is the true Meafure of the Celerity in this Cafe. 
The fame Conclufion might have been derived in much 
fewer Words from Corol. i, but, as a thorough under- 
ftanding hereof is abfolutely neceflary in what follows 
hereafter, I have endeavoured lo make it as plain as 
poffible. 

Corollary IV. 

215. Hence the Time of Revolution is alfo derived ; 

for it will be as fl * : 3.14159 bfc, X 2a (the whole 

3.14. t^c. X7a 
Periphery) :; i : ' ;;^^ or 3.1 4159 ^c. X 

a~ 

2a * y the true Meafure of the periodic Time. 

Co-- 
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Corollary V. 

216. Therefore, if » be expounded by i, o, — t^ 
•—•2 and —3 fucceiEvcly, then the Velocity cor- 



I 



refponding will be zs a^ a j i, a ^, and a ; and 

the Time of Revolution, 2s ly a j a^ a^ and ^^ re* 
fpcftively. 

Scholium. 

217. From the preceding Propofition, and its fub- 
fequenc Corollaries, the Velocity and periodic Time of 
a Body revolving in a Circle at any given Diftance from 
the Earth's Center, by means of its own Gravity, may 
be deduced : For let d be put for the Space thro' which 
a heavy Body, at the Surface of the Earth, defcends in 
the firft Second of Time, then 2d will be the Mea- 
fure of the Force of Gravity at the Surface : And there- 
fore, the Radius of the Earth being denoted by r, the 
Velocity, per Second, in a Circle at its Surface, will be 

2rdi and theTime of Revolution = ■ ' ' — r^ — ^ 

'\^2rd 

y2T 
— (Seconds) ; which two E«- 

prefEons, becaufe r is = 21000000 Feet and ^z=: 16-/4 
will therefore be nearly equal to 26000 Feet and 5075 
Seconds^ refpeftively. Let R be now put for the Radius 
of any other Circle defcribed by a ProjeSile about the 
Earth's Center : Then, becaufe the Force of Gravitation 
above the Surface is known to vary according to the 
Square of the Diftance inverfly, we have [by Cafe j^. 

CoroL ^.) r - : R 2. .. (260007 the Velocity (p'er 
Second) at the Surface, to 260CO X / — > the Ve- 

locl^y 
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iQcity in the Circle whofc Radius is R : And r* : IC^ 

"' (5075 y the periodic Time at the Surface : to 5075 x 

— , the Time of Revolution in the Circle R. 

Which, if R be affumed equal to (6orj the Diftance of 

S. D 

the Moon from the Earth, will give 2360000, or 27.3 
nearly, for the periodic Time at that Diftance. 

In like fort the Ratio of the Forces of Gravitation 
of the Moon, towards the Sun and Earth, may be com- 
puted. For, the centrifu£»al Forces m Circles^ being 
tiniverfally as the Radii apply'd to the Squares of the 

(8icooooo\ 
—J the 

8emi-diameteroftheiWi^«xOrWjdivi*]ed by the Square 
of one Year (the periodic Time of the Earth and Moon 
about the Sun) is to (240000X178) the Diftance of 

I 

the Moon from the Earth divided by — t. , the Square 

of the periodic Time of the Moon about the Earth, fj 
is 1,9 to I nearly ; and fo is the Gravitation oi the 
Moon towards the Sun to her Gravitation towards the 
Earth. 

Alfo, after the fame Manner, the centrifugal Force of 
a Body at the Equator, ariCng from the Earth's Rota- 
tion, is derived. For fince it is found above, that 5075 
Seconds is the Time of Revolution, when the centrifugal 
Force would become equal to the Gravity, and it ap- 
pears (by Cafe 2. CoroL 2,) that the Forces, in Circlet 
having the fame Radii, are inverfly'as the Squares of 

the periodic Times, we therefoie have, as 80160^ * (the 

H M 

Square of the Number of Seconds in (23 56J one 

whole Rotation of the Earth) to 5075I* (the Sqtiare of 
the Number of Seconds above given) fo is the Force of 

R Gravity 
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f 

Gravity (which we will denote by Unity) to ^g* , the 

centrifugal Force of a Body at the Equator ariiing from 
the Earth's Rotation, 

But, to determine, in a more genet al Manner, the 
Ratio of the Force of a Body revolving in any given 
Circle, to its Gravity, we have already given 3. 14 &r. x 

^ for the Time of Revolution at the Surface of 
d 

the Earth, when the Gravity and centrifugal Force are 
equal : Therefore* if the Time of Revolution in any 
Circle whole Radius is tf, be denoted by /, it follows, 

T a 

from Corol. 2, hjl Prtp. that, — ■« : -r- 

:: the Gravity of the Body : to its centrifugal Force 
in that Circle ; which, therefore, is as Unity to 

■ ■ . £ 5 or as I to i,228 X ^ very near^ 

ly ; where a denotes the Number of Feet in the Ra- 
dius of the propofed Circle, and t the Number of Se- 
conds in one intire Revolution. So that, if the Length 
of a Sling, by which a Stone is whirled about, be two 
Feet, and the Time of Revolution | of a Second, the 
Force by which the Stone endeavours to fly oflF, will 
be to its Weight as 9.824 to Unity. 

From this general Proportion, the centrifugal Force 
and periodic Time of a Pendulum defcribing a conical 
Surface may likewife be deduced. 

For let SR, the Length 
of the Pendulum, be de- 
noted by g ; the Altitude 
C5 of the Cone, by r; the 
Semi-diameter CR of the 
Bafe by «; and theTifnc 
of Revolution by / : Then, 
the Force of Gravity being 

ro- 
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tejptererited by Unity, the Force with which che re^ ' 
volving Body at R, the End of (he Pendulum, tendi 
to recede from the Center C, will be definied hf 

3..14 bfcy X 2a. ^^ y^^ jy^ . fl^^^^ Thtxt^ 

It- • ■ . . 1 

fore, bc»caufe the Body is retained in the Circle RR by 
thp Adion of^threp djgereat Powers^ Li, the ccbtri-^ - 

fiigal Fbrce /lE^±Sl2Ll^^ in theDireaion CR, 

Ae Forc^ 6f Gravity (1) in a Diredion panilld to SC, 

and the Force of the Thread or Wire RS, compoundea 

6f the former two \ it follows,- from the Principlesi of I 

Mechanics, that as SC {c) to CR (g), fo is the Weight 

of the Body at R, to the Force with wiiich it ads upon 

the Thread of Wire^RS 5 and as i : S^l2lii 

:: CS {€) : Ck [a) i Whence de = 3.14 ^V J* X 2il 
and /=3.i4esfr, X ^^=1, 108 x/^ nearly. Be- 

caufe di^i or its Equal 3.14^^,^* X %c^ expreiTes the 
Space a heavy Body will defcend, by its pwn Gravity, 

In the nhime/*, and fince i* : 3.14 Ot.r :: 2c ••Art.ad^, 

3,14 ^cX" X 2f ( zndi*) it therefore appears that,- att 

the Square of the Diameter of any Circle^ is to the 
Square of its Peri(5hery, fo ij twite the perpendicular 
Altitude of the Cone, to the Diftance a heavy Body will 
ffeelv defcend in the Time of one whole Gyration of 
the Pendulurfi, let the Bafe oif the Cone and the Length 
of the Pendulum be what thty will. 

PROPOSITldK VII. 
^iS. To deiirmim the Ratio of the Velocities of Bodies 
defcending^or afcending^ in Right -lines ^ when accelerated^ 
9r retarded; by Forces ^ varying according to a given Law^ 

Su(5pofe a Body to move in the Right-iine CH, and 
Vti the Force wh«reby it is urged towards Cj or H, 

K 7. h% 
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be as arty variable Quantity F: Moreover, let the; Ve- 
locity of the Body be reprefented by v ; putring iti 
Diftance CD, from the Point C=:jr, and Ddzizx, 

■ ■ a Then, fince the Time wherein the Space 
D^ (x) would be uniformly defcribed, with ' 

A rx ^ 

the Velocity at D, is known to be as — » the 

, . D Velocity that would be uniformly generated, or 
"cl deflroyedj^in that Time by the Force F (be- 
ing as the Time and Force conjandly) will 

Fx 

confcquently be as — : Which therefore muft 

iC 

be equal to, ± i, the uniform IncreaTe or 
Decreafe of Celerity in that Time ; and confequently 

±.W=zFx. From whence, when the Value of i^ 
is given in Terms of x^ or v, the Value of v wiU like- 
wife be known. ^ E. I. 

C0R01.LARY L 

219. Hence, the Law of the Velocity being given, 
that of the Force is deduced : For, fince /jc = ± w 

it is evident that F = ± — :.»^ 

X 

CoROtLARY IL 

2ao. Hence, alfo, the Ratio of the Velocity at D 
to that whereby a Body might revolve in the Periphery 
of a Circle about the Center C, at the Diftance of CD, 
will be known : For, if this laft Velocity be denoted by 



«;* 



• Ait.a;ix. Wy the Value of F will be rightly expre£ed by — ♦; 

in 



W^X 



Whence, by Subftitution, we have ± w = — , of 



X 
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• • • • 

±z;* X — =«;* X — : Whence w* : v* : ± - :-, 

V X V x^ 

and confequently w : v :: / ± - : / —. Where, 

as well as above, the Sign of i muft be taken' + or — 
according as the Body is urged from, or towards the 

Center C. 

PROPOSITION VIII. 

221* Suppojing a Body^ let go fr9m a given Point A wii,h 
a given Celerity (c) along a Right-line CH, to be 
urged^ either way^ in that Line^ ly a Force varying as 
any Power (n) of the Dijlance from a given Point C 5 
tofind^ not only^ the Relation of the Velocities^ and Spaces 
gone over J but alfo the TiTnes of Af cent and Def cent. 

The Conftrufiion of the preceding Problem being re- 
tained, F will here be expounded by x^^ and we (hall 

thefore have ± ^;v.(=:i^v) :=zx x\ and confequently. 



nru ;^*+« 



by taking the Fluent thereof, ± — = ; but to 

corre£k the Fluent thus found, let x be taken = CA 
(which we will call a) then v being =f, the Fluent in 



'• i_fl"*» 



that Circumftance will become ± — = : There- 



.1 -» 



V* c 
fore the Fluent duly correflcd is ± — :+: — = 

1 --f — ♦, or v* CO f *=:lLJ21f_ : Whence v will # Art. 78. 

«+l n+i 

come out = sj c^+ T2^7* '± 2^* + ' . ^^^^^ ^j^^ 

n+i 

Signs of V and .*""*■* muft be alike, when both Qiian- 
tities increafe, or decreafe, at the fame time s that is, 

R • 3 when 
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f Aft sie. when iS^t Force, from C, » a rqpulfive one ♦ ; but, unr 
like, when one increafes while the other decreai^, or 
the Force^ tending to C, is an attraSive one. In the for- 

g*+ ; 

if+i 

The Value of y being thus obtained^ let the required 
Time of moving over the ISpace AD be now denoted 

m 

l?y T s then, fince T is univerfally = — , wc have 1* 



J' 



■+ 



■ ' .^ ==-t 



or T = 



«4-i 



J^ 



H — ^ 



according to the two ibrefaid 



Cafes refpeftively : From whence, by finding the Fluent, 
the Time itfelf will be known. ^. E. L 

Corollary. 
a22. If the Body proceeds from Reft at A, e will he 

= o, and we fliall havt t= ' ^-fa'^X^ ^ ^ 



T = 






• 



V^2^»+l_2;,» + i 



Scholium. 

223. Although, the Fluents of the Expreffions given 
above cannot be exhibited, in a general Manner, nei- 
ther, in finite Terms, nor by means of circular Arcs 
and Logarithms i yet, in fome of the moft ufeful 

Cafes 
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Cares that occur in Nature, they may be obtained with 

great Facility. 

1 



. Thus, if in 



r-P* 



(expreffing the Flux* 



Ion of the Time of Defcent along AD) n be expounded 
by I, o, — 2, and — 3 fucceffively, die Fluxion itfelf 



will become equal to 



y/fl*— ;r»' \/2M— 



2X 



axx 



a*—x 



= refpeftively : Whence, if 



\/f tf X XX 

* y =■> and " y 

S/^ax — XX \/c 

ARF be a Quadrant of a Circle whofe Center is C, and 
ASC a Semi-circle whofe Diameter is AC, and DSR 
be perpendicular to AC \ then it will appear, 

i®.That,when «= r, 

X 




and T = 



y/d'—x' 



theVelocity(v^tf*-.;r*) 

at D will be repre- ^ 
ientqd by DR, and the 

AR 

Fluent fought by -jj^. • Art, \^ 



i*. That, when ;i=:o, and T = 



the 



Velocity at D, and th e Time of Defcent thro' AD, will 
each be defined jby \/2AD. 



3^ That, when 11 = — 2, and t = ^L^l^JZ^ 

^ax — XX 

9Bd thcTime of Defcent thro* AD,a$v/|ASxAS+DS. 



R4 



axx 



\/a^—i 



5» 



248 He Vfe of Fluxions 

4**. And^that, when «= — 3, and T = 

the Velocity will be as A(js^fcr) > and the Time as 

ACXDR. 

Hence the Time of the whole Defccnt thro* the Ra- 
dius AC, appears to be as -r-r, v/ISC* \/f ACxAF, 

or AC*. But the Time of one whole Revolution in 

4AF ^ 

f Art. 2x5. the Periphery ARF ^Cj was found to bie as ^^^ * i 

ac"^ 

4AF 4AF 

which in the four Cafes above fpecified is "ttj 9 ' >— ^ » 

4AFX\/ACi' and 4AFXAC : Therefore, if the Time 
of moving over the Quadrant AF be denoted by ^, it 
follows chat the Time of Pefcent thro' the Radius AC, 



will be truly defined by ^ ^X 
AC 



AF 



or ^X -rp according to the forefaid Cafes refpeSively, 



Lemma. 

224. The Areas which a revolving Body defcrihes^ hy 
Rays dravun to the Center of Force^ are proportional 

to the Times of their Defcription, 

For, let a Body, 
in any given Time, 
dcfcribe the Right- 
line AB, with an 
uninterrupted uni- 
form Motion ; but 
upon its Arrival at 
B let it be impelled 
towards the Center S, fo that, inftcad of proceeding 

along 
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along ABC, it may, after the Impulfe, defcribe the 
Jlight-line B^. 

Bccsun. the Force, afting in the Line SB, can nei- 
ther add to, nor take from, the Celerity which the Body 
has in a Direftion perpendicular to that Line, the Di* 
fiance of the Body from the faid Line, at the end of a 
given Time, will therefore be the ^ ery fame as if no 
Force had aJ^ed ; and confequently the Area BifS equal 
to the A'-ea BCS, which would have been defcribed in 
the fame time, had the Body proceeded uniformly along 
BC ; becaufe Ti jangles, having the fame Bafe and Al- 
titude, are equal. 

Therefor? feeing no Impulfe, however great, can af- 
fedl the Qii:^.ntity of rhc Area defcribed about the Center 
S, in a given Time, and becaufe the Areas ASB, BSC, 
defcribed about ihat Poiiit, when no Force afts, are as 
the Bafes AB, BJ, or the Times of their Defowption, 
the Propoficijn is manifeft. 

Corollary. 

225. Hence the Ve- 
locity of a revolving 
Body, at any Point Q^ 
or R, is inverfely as the 
Perpendicular SP or 
SI', falling Irom the 
Center of Force upon 
the Tangent at that 
Point. 

For, let two other 
Bodies m anj n be fup- 
pofed to move uniform- 
ly from Q and R, along X ^ ""^^^^ i5> 

the Tangents QP and 
RT, with Velocities re- 
fpcftively equal to thofe of the revolving Body at Q^and 
R ; then the Diftances Qm and Rw, gone over in the 
fame Time, will be to each other as thofe Velocities ; 
and the Areas Q^m and RSts will be equals being equal 

to 



249 




250 7be Ufe ofFLVXioiat 

to tbofe deTcribed by the revolving Body in the %me 
Art S13. time * : Whence QmXSP being = RnXST, it follows 

tfaatQ3i:Rii::ST:SP::^ : g^r. 



PROPOSITION IX. 

kl6. To d^tirmine tb§ Law of the centripetal Foree^ 
tending t9 a given Feint C, whereby a Body may de^ 
fcribe a given Cupve AQH. 




Let QP be a Tangent tp the Curve at any Point Qj 
upon which, from the Center C, let fell the Perpendi- 
cular CP ; put CQ==i, CP = « ; and let the Velocity 
of the Proje£lile at Q^be denoted by ii« 

Therefore, fince v* i^ always as -^ (by the CoroL to 
fjemma) it is evident, by taking the Fluxions of bott^ 



u 



Quantities, that w will alfo be as -—7-: Butthecenr 

tripetal Force, whether the Body moves in a Right- line 

QX 
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or a Curve, is always as — -r- {Joy Art. 2I9« and 2o6.} 

Therefore the centripetal Force is likewife as -p. ^E,L 

The fame otberwife. 

%vj. Let the Ray of Curvature QP be djenoted by 
R : Then, bec^ufe the centripetal f orces in Circles are ^ 

Uptown to be as the Squares of the Velocities diredly and 
the Radii inverfcly *, it follows that the Force, tending *Aft.at% 
to the Point Q, ^her^by thjp Body n^ieht be retained in 
its Orbit at Q, or in the Circle whole Radius is QO, 

I I 

will be defined by ]jl ^ ^ ' WhencfC (by the Refolution 

pf Forces) it will be CP {u} : CQ. {i) :: -^ ( the 

s 
Force in the Direflion QO) : j^, the Force ifi th$ 



Diredion QC : Which, becaufe £ = -r • will allb •Ait 7}^ 
be expreffed by — . . J^. E, /• 

Anether Way. 

228. Let nq be the indefinitely fmall P^rt of the 
Right-line C^, intercepted by the Curve and the Tan- 
gent Qj^, expreffing the E(Fe^ of the centripetal Force 
|n the Time of defcribing the Area QC». Now thefe 
£fFe£b, or the Diftances defcended by pieans of Forces 
uniformly continued, are known to be in the duplicate 
Ratio of the Times *, or of the Areas denoting thofe *Art.sQf« 
Times +: Therefore, the centripetal Force at Qjor the 4.^^. 214. 
Diftance defcended by means thereof in a given Time, 
ivill be as nq apply 'd- tp the fecond Power of the Are& 

<K^f , or as (jp*xO^* • ^^^ Expreffion is the fame 

with 
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with that given by Sir Ifaac Newton^ in his Principia^ 
Book I. Prop.b, But, to adapt it to a (luxional CaL 
iu/us ; let QE be an Ordinate to the principal Axis AG ; 
and let (as ufual) AE = Xj EQ5=:y, AQ,= z, E^ (or 
Qt) = Xy Qi= * f fuppofing fq (parallel to £Q,) to 
interfeft the Curve and the Tangent in m and q. 

Since Q^ is conceived indefinitely fmall (or in its 
nafcent State) the Triangle nmq may be taken as re<£ii- 

• Art. J36, lineal*; alfo the Angle «=:CQP and the Angle m:=z 

Qqt: Whence, it will be (by Trigonometry) as S. 

CP Q^ 

CQP (n) : S. Qqt (m) :: mjl nq-, that is, as j^ : ^ 

CQXQtXmq 
;: mq * nq zz — cpScO * Which fubftituted above 

CQ^X QtXmq 
gives ■ — ^ for the Meafure of the centripetal 

Force at Q^: But mq (fuppofing x to flow uniformly} is 
known to be as — ^ ; Therefore the Force at Q» is as 

CCLXQ/X— jJ . ^ , — Jijf 

' CP^XQq^ ^ ^^ ^^ ^^"^' IFF^' "^^^^^ *^ ^^^ 

vifor (u^z^) Is as the Cube of (QCy) the Fluxion of 
the Area AQC. 

The very fame Theorem may likewife be deduced 
from that given by our fecond Method : For, fince (R) 

• Art, 6S. the Ray of Curvature at Qjs univerfally * = — r:, the 



s 



Value of ^ (there found) will here, by Subftitution, 

t)ecoine :=: — rr-- , 

This Expreflion, tho* in appearance lefs fimple than 

u 

j^9 firft found, is, for the general part, more commo- 
dious in Prafticc. 

Co«» 



J J fincc s (CQ) in this Cafe may be rejcflcd. 
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Corollary I. 

2t29* If the Point C be fo remote that all Right-lines 
drawn from thence to the Curve may be confidered as 
parallel to each other, the Force will then (making .Qr 

• •• 

perpendicular to Cq) be as ■■ .- , or barely as 

• •• 

W 

From this ExpreiSon, which is general, in all Cafes 

where the Force a£b in the Diredion of parallel Lines, 

it appears that the Force, which always afting in the 

Diredion of the Ordinate QE, would retain die Body 

— j' 
in its Orbit, is every where as -T7- ; becaufe QC here 

coincides with QG, and Qr becomes = x. 

Corollary IL 

230, Becaufe the Force, twiding to the Point C, is 

CO J \ 

univerfally as hpa v OQ ^^^ IFr) ^^^ ^^^^ ^^ ^"^ 

other Point r, will, by the (ame Argument, be as 

cQ 

.rr . Hence the Forces, to difFerent Centers 

^'X OP 

C and c (about which equal Areas are defcrlbed in the 

CP3 
fame time) are to each other in the Ratio of tjq to 

-^ inverfely. 

Corollary III. 

231. Moreover, the Ratio of the Velocity at Q^to 
the Velocity whereby the Body might revolve in a Circle 
about the Center C, at the Diftance CQ, is ealily de- 
duced from hence ; For, fince the Celerity at Q^is that 

whereby 



whereby the Body might revolve in a Cirde about the 
Center Ot and the Forces tending to the Centers O and 
C are to each other as u (CP) and s (CQ) ; it there- 
fore follows^ if the Ratio fought be aflumed ais v to w, 

*** OO"* OC - • ' ' r*y -''''• ^'^O Whence alfd 
V* : w* :: ttXQp {uR) : jXQG (s*) and confequently 

v:w:: J — :i:: V^ • « - V- : V^ 

(becaufe R =3 "^ )• 

The fame Proportion may alfo be derived from C^ol^ 
a* Pr6p, 7. For it is there proved that v I w :: 

yL : ^/ — . - J and it s^pears from above^ that — ' 

if u . ■ ^ 

— = - : Whence the whole is mamfeft. 

V u 

If OL be made perpendicular to QC, QL will be 

^ CPXQPX uR .QL uR 

K— — CQ J = -J-j and q^= -pr > and there- 

i 1 

fore V : w :: QL : CQ^ : Which b another Pro» 

portion of the propofed Celerities. 

Corollary IV. 

232. Laftly, the Law of centripetal Force being gi- 
ven, the Nature of the Trajeftory AQ^may from hence 
be found j for fince the Force (F) is univerfally defined 



I 



by -r^, it is evident that — -^ will be == the Fluenl 

of FJ ; which, when F is given in Terms of j, will 
become known ; and then, the Relation between u and 
s being given, the Curve itfdf i^ known. 

EX. 
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EXAMPLE I. 

2X7' ^ '*' f'«"» ^'"^ ^^ *' '** ^i""'^""' * 
Spiraly and C /A* C««/*r tberuf: Then « (CP) being 

** * L * . , ^^ V ^'^ \»Att.<l. 

in this Cafe =; — *, we have JIJ t l— „; ^ ^1,1 ^ f Ait. »;. 



— A»i» » 



and 




|£ S Alt. t}!. 



y^X^)=Unity. Hence, 

it appears that the Force is in- 
veriely as the Cube of the Di- 
fbace ; and the Velocity, tytrf 
where> equal (o that whereby the 
Body might revolve in a Circle at 
the fame Diftance. 



EXAMPLE 11. 

234. Let it be requind to find thi Law of the centripetal 
Force^ whereby a Bedy^ tending to the Focus C, is made 
to revolve in the Periphery of an EUipfts AQDB. 

From the other 
Focus F draw FK 
parallel toCP meet- 
ing the Tangent PQ^ 
(at Right angles) in 
K, join F,(X; put- 
ting the tranfverfe 
Axis AB = a^ the 

Semi-conjugate OD = f i, and the Parameter f — j 

s^^: Then, CQ^ and CP being denoted as above*, •Art. aji. 
we have FQ^(=:AB — CQ) =« — j; whence, by rea* 
fon of the fimiUr Triangles CQf and FQ|C^ it will be 




<: 
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J luiia^s: FK = ^"'^^ But FK X CP is 



s 



= OD* (by the Nature of the Curve.) Hence we get 
= — io I and confcquently —^—j.:^ — "Ji ; 

whewof the Fluxion being — --: = ttt^ we obtain 



•Art.*.7.jL#-,?f X- = — and h''\-J 



2Xtf —J 

J2< 



■~^. Hence, it appears that the centripetal 

Force is, in this Cafe, as the Square of the Diftance in- 
verfely ; and the Velocity at Q[^is to that whereby the 

Body might defcribe a Circle at the Diftance CQ, every 

1 I 

V^bere, in the Ratio of FQ to AO • 

a^ 5 
If the Curve had been an Hyperbola \ then X 

«* (inftead of X «*) would have been = J i* ; 

u la \ 2 

and fo -jr = T^ X — = ttj the very fame as before* 

But, had it been a Parabola, the Equation would have 
been —J- X u- = ib\ or - (= -J z^ip; and 

2 
the Force, Jiill, as — • But, the Meafure of the Ve- 
locity ( ^ -4- = ^ / in this Cafe becoming 

barely =z:%/2, it follows that the Velocity in a Parabola 

is to that whereby the Body might defcribe a Circle at the 
fame Diftance from the Center, in the conftant Ratio of 

x/z tQ Unity, 

4 EX- 
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EXAMPLE III. 

235. Lit it be required to find the Law of the centripetal 
Force f hy which a Body^ tending to any given Point C, 
in the Axisy is made to defer i be a cofiic Section AQH. 




O T 



Put the femi-tranrverfe Axis (OA) =^7, the femi- 
conjugate =: i,, and the given Diftance of the Point 
C from the Vertex A =r: Put alfo the Abfciffa AE, 
,=*•, the Ordinate EQ5=)^, and CQ=:j (as before,) 

The Area of the Triangle ECCt being (=|ECxEQ) 
=: « Its Fluxion is therefore = ; 

2 2 

which added to yxy the Fluxion of the Area AEQ* 

cy^yx — xy 
gives ; 



for the Fluxion of the whole Area 



ACQ^ defcribed about the Center of Force. Whence 
(by Art, 228.) the required centripetal Force at Q^will 

• •• 

be as ■ ^^ : • Which Expreffion is general, 

cy+yx—xy 

let the Curve be of what Kind it will. But in the 

b . 

Cafe above, y being = -—• v^2ja'±^*, wc have y = 



bxy,a±.x .. 



— abx 






a y/%ax ± x^ 



'Xax±.x'^ 



', and cy '\' yx — JTf = 
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bxXc a+ax±c x . ^^ therefore, by rubflituting thcfc 
a>y^ax±.x* 

— sxy n^s 

Valuds, we get . ■ = , - i .■ ^ 

0' +y^ — ^y) i Xca+ax±cx\ 

a* 
Which, becaufe tt is confiant^ will alfo be m 



From whence it follows. 



ca^fax±cx\^ 

1°. If r be = =p tf, or the Center of Force be in 
the Center of the SeSion, the Force itfelf will be bard/ 
as i^^s) the Diftance. 

2*^. If it be^ In the Focus, then ac +tf4r±r4f be- 
coming = CQXa^ the Force will be inveriely as the 
Square of the Diftance. 

3^. If the given Point be In the Vertex A, the Force 

s 
will be as -7 : Which therefore in the Circle (where ;r=: 



^) will be as jf, or the fifth Power of 'rfie Diftance 

repricocally. 

4''. Laftly, if the Point C be at an indefinite Diftance 
from the Vertex, or the Force be fuppoied to a& in 
the DireSion of Lines parallel to the Axis' A<D, then 
the Force will be as the Cube of 0£ inverfely. 

PROPOSITION X. 

236. To determine the Ratio of the Felocitier ef Bodies 
revolving in different OrbitSy about the fofhij or dif- 
ferent^ Centers \ the Orbits themfehesy dnd the P^ces 
whereby they are defcribedy being given. 

Let AQH be any Orbit, defcribed about the Center 
of Force C, and let the Force itfelf at thepfthjbi^al Ver- 
tex A be denoted by F\ alfo let r ftand Tor the Semi- 
parameter, or the Ray of Cut^ature at the Vertex, and 

let 
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^ktiCPJbe perpendicular to the Tangent QP. 




Then,;thc Cdetrity jat A being, always, ?is \/7f 
(by. ArU ai2u) we have CP : GA i\.y/rF {x\it Nz-^ 

locityatA)to^-^^y^ , the Velocity at d ih ^rt. 

' CP 

225.) Which anfwers in all Cafes, let the Values of AC, 
r and F be what they will. -^ E. 1. 

Corollary L 

237. If the centripetal Force be as the Square of the 
.Diftanceinverfely, or F be expounded by xq* > ^be 

AC /—r^ 

Velocity at Q^ will become r^p X ^ , or 

j_L: Whence the Velocities, in different Orbits, 
CP 

about the fame Center, are in the fubduplicate Ratio of 
the Parameters, and the inverfe Ratio of the Perpen- 
diculars from the Center of Force, to the Tangents, 
conjundly. 

Corollary II. 

238. Hence, if the Celerity at Q^be denoted by Qf, 

.and Cq be drawn 5 then, Q^ being ^s 2!_ , ii follows 

that \/r Is as CPX Qy, or as the Triangle QC^ : There- 

S 2 fore 



260 Tie Ufe of Fluxioks 

fore tho Areas defcribed about a common Center of 
Force in a given Time, are in the fubduplicate Ratio of 
the Parameters. * 

Corollary III. 

239. Laftly, fmce the Area of the Curve AQHB f^c. 
t Art. 234. when an Eilipfe *, is known to be ai ( AOXOD) AOX 

\/rXAO (fuppofing O to be the Center) if the fame 

. be appiy'd to \/^r, expreffing the Area defcribed in a 

given Part of Time (by the laft Cm^^L) we fliall thence 

have AO X V^AO, or AO^ for the Meafure of the 
Time of one whole Revolution. From whence it ap- 
pears, that the periodic Times, let the Species of the 
EUipfes be what they will, are in the (efqiiiidicatc Ratio 
of their principal Axes. 

PROPOSITION. XI. 

240. Thi centripetal Forciy tending to a given Point C, 
hei^ig as the Square of the Dijiances reciprocally^ and 
the DireSiion and Velocity of a Body at any Point O 
being given ; to dete) mine the Path in which the Body 
movesy and the periodic Time^ in cafe it returns^ 




It is evident from Art, 234. and 235. that the Tra- 
jeaory AQBis a conic Scaion \ whereof the Point C is 
<Mie of the Foci. 

Let 
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Let F be the other Focus, and upon the Tangent 
PQK let fall the Perpendiculars CP and FK, and let 
CQ^ and FQ^ be drawn : Alfo put the femi-tranfverfe 
Axis AOi=:<7, the given focal Diftance CQ^=^, and 
the Sine of the Angle of DireSion CQP (to the Ra- 
dius i) =171 ; and let the given Velocity at Q^ be to 
that whereby the Body might revolve in a Circle about 
the Center C, at that Diftance, in any given Ratio of n 

to Uoity : Then it will be « : i :: FQ,* : AO ( by , 
-^r/.234.) therefore »* : i* : FQ^(2tf— rf) : AO {a) ; 

d 
whence AO {a) is given = a . Moreover, fince 

CP = »iXCQ, andFKzz/wXFQ, we have OD* (=: 

qPXFK=m*XCQXFQ= ^j;:^^ j whence the fe- 

ml^conjugate Axis (OD) is given likewife. 

Laftly, it will be [hy 4ri. 239.) as CT"^ : AO"^:: 

(P) the periodic Time in any given Circle, whofe Radius 

(3 
AO"'^ 
5f X P) the required Tin^e of one Revo- 
CT^ 
lution when theOrbit is an EUipfis; that is, when »^ is left 

2rf 

than 2 : For, If «* be =2, the Curve (as its Axis j 

becomes infinite) will degenerate to a Parabola ; and, if 
»^ be greater than 2, the Axis being negative, it is then 
an Hyperbola n whofe two principal Diameters are equal 
7.d 2nmd 

Corollary. 

241. Seeing neither the Value of AO, nor that of 
the periodic Time, is. affected with /ti, it follows th^t 
the principal Axisj and the periodic Time, will remain 

S3 in-^ 
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invariable, if' the Velocity at Q, be the faine, kt the 
Diredion at (bat Point be what it wiHi 

The fame Solution may likewife be brought out^ fronr 
jirt, 238. by firft finding the principal Paramter : For,- 
it is evident that the Area defcrtbed by the Body about 
the Center C, in any given Timet b to the Area de* 
fcribed, in the fame Time, by another Body revolving 
in a Circle at the Diftance CQ, aa in« to XJvktf : Hence^ 
• Art »38. it will be I* : w*«* :: d \ (m^n^d) the Semi-parameter * : 
•From which (proceeding as above) we get ^d^w^n^d 

(=OD*) =2 m^y.iad — </*; and eonfequently' a-si 
the fame as before. 



%—n 



*i 



PROPOSITION 3ni. 



%\r. The centripetal Force being as any Power (n) of 
the Dijlance^ and the DireSfion and Velocity of a Body 
at any Point A being giyeny ta determine the Orbit or 
Tr^jedlory. 

ter of Force C, 
to any Point B in 
the required Tra- 
jeftory ABD, let 
CB be drawn ; 
join C, A, aj;id 
let M be- the gi- 
ven Diredion of 
the Body at the 
Point A, and 
C^ perpendicular 
F thereto; alfo let 
the Vdocity at 
A be to that 
whereby a Body 
might defcribe a 
Circle AEF, about the Center C, in any given Ratio 
of p to Unity \ putting CA=:^, and CBssr ; Thcn^ 
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becaufe this laft Velocity (the centripetal Force being as 

i? (or fl") 13 rightly defined bjr tf * ♦, the Velocity ♦Art. 214. 
of the Body at A will be truly expreffed by 

pa *. 

Moreover, it is proved in Art, 221. and 206, that if the 
Celerity, z% any given Diftance a from the Center, be 
denoted by r, the Celerity at any other Diftance x will 

be truly rcprcfentcd by ^ f»+21_Z__ : 

Whence, pa * being fubftituted for r, we have 
^y ^» I -i-X a* + ' — ^'^*^' for Ae Celerity at B. 

But now, to deternune the Curve it&lf from hence, 
let BP be a Tangent to it at B, and CP perpendicular 
to.BP; aUbletCB, prodpced, meet the Periphery of 
the Circle in E \ putting the Arch A£=rx, the forefaid 
Velodty at B (to fhorten the Operation) =v, and 
C*=:*; Then it will be (by ^/, 225.) v:c (the Vc» 

Ic 
locity at A) :: i : CE = — . : Whence BP ( =5 

Moreover {jbffArt. 35.) we have, as CB : CP :• v : 

/CP 

VCB ^ ^^ *^ Velocity of the Body at B in a Di- 

redion perpendicular to C£ ; and confequently, as CB : 

CP CPXCE 

CE:: ^ Xv (the laid Velocity) to -q^^ Xvthc 

angular Velocity of the Pomt £ (revolving with the 
BodyO By the lame Article^ the Velocity at B in the 

S4 Di^ 
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BP 

PireaionCBEwiUbc qqXv: Therefore, the Ve- 
locity of E being to the Velocity of B, in the faid Di- 

CPXCE BP ", 
reftion, as — q^ — to Qb» the Fluxions of AE (x>) 

and CB (x) muft confequently be in that Ratio; that is, 

CPXCE BP CPXCE 

' CB* :^::«:i; whence«= ^1x5?^^ = 

he a vx ahex 

— X — X =^ — ' — — — * 

abx 
^ ^ • Which Equation is general, let th^ 

Law of the centripetal Force be what it will : But in. 
the Cafe above proppfcd, ti* being z^ p*-|— — -^ a - 

-r-. t , , apd r* ;= p^a^ +' i it becomes 4 = 

#- . ^ii^fg 



y 



«4-3 



— 2;^^" "^ 3 

*- + -f- X ;^^ — p*3*— =' -7- 



Fluent is the Meafure of the angular Motion j from 
v/hich, when found, the Orbit may be conftruSed : 
Becaufe, when AE, or the Angle ACE is given, as 
well as CB, the Pofiti9n of the Point B is alfo given. 
But this Value of a is indeed too complex to admit of 
a Fluent in algebraic Terms, or even by circular Arcs 
and Logarithms, except in certain particular Cafes; 
§s when the Exponent n is equal to i, — 2, — 3, or 
' — 5 ; bcfides fome others wherein the Values of p and 
n ^re related in a particular Manner. ^ £. /, 
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Corollary I. 
243. If the given Velocity at A be fuch that p* + 
— r~ =0, or ^ = ^ IZ2l (which is always poffibic . 
when the Value of »+i is negative) our Equation will . 
become « = ■ ■ : Which, by put* 



r** + 

^n.. 

a^X 



^«+I 



ting «+3:p»i, &rr, is reduced to a = '"^ ; 

Whereof the Fluent will be found (by the fecond Part 
of this Work) equal to ± — multiply'd by the Dif- 
ferencc of the two circular Arcs, whofe Secants are 



I 



— 5 ' and — , to the Radius Unity. From th^ Va- 

ha 

lue of the Arch AE the PoCtion of the Point B, in the 
Orbit, is given. 

But if the Angle of Diredion CA^ be a right one^ 

7.a 
the Fluent will become barely = :^ — X Arch whtfe 



m 



Secant is -^ — (becaufe then hz=,a^ and the Arch who(^ 

a 



Spcant is ^ t =0) which therefore when ^* becomes 



266 , 5ra< Ufi, of I^LVXIONf 

I 

infinite, will be truly defioed by ± — X wbole Peri- 

pherv AF, Ifc. Whence it b evident that the Body 
snuft either iiy iotirely. oi^ or &U to.ljte Ccaoirer Q^ 19 

ft Nvmb^ of Rcvolntioat.exprcfledi by.± — ; accord- 

ing as the. Value of.iii kvP<^itive^oi;illQgp^^ 

Thus, if » =: — 2, and in =:: i^ the Body will fly 
intirely off^ia half a Revolution: And, if. «i=^ — 4^ 
and m = — i, it wit £iQ to'tfie Ceiit^r in half a Re- 
volution* 

Corollary IL 

• » . . 

244. Moreover, tho' the Fluent dtpreiEiig the Angle 
at the Center cannot be exhibited in a general Manner, 
yet there are certain Cafes'of the Exponent (n) where 
iu Tc([ieSdve Valuea may be drnved bom eadi^otb^r^ 

For let (as above) i» + 3 be put 1= /n, and (to 
fhortCB the Operation) )et^ CA {a} be takeui as tJhity : 
"Xbi^a Qi|r Equation will be transfornied to % =: 

9 • 



7: 



, , ■ ' =s: : Make 



+ ■ ^ X ** — **— ^ 



2;r-. 



m — 2.^* m — 2.^* 



jz=: x^ y and it will be farther transformed to i^ss 



2. ^y 



>/ 1 + 



2 "^ 2V* 



Put r = — , and it will become i = — X 



J r=2=— _i»4. I— =L— X/ 

r— 2./>* r— j.^^ 



lit 
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Ut - = I + ; (or I — 



r — 2.p* r — 2.^* r — 2./>* 

^, or^*=;= '• : land then wcfliall 



r — 2.^* r — p^Xr — zy 

have z = -x — . , ,^,„ , „ . 



X>»— *f^ r 



5 



■ ■» * » 



Which ExpreiEon (pfcepttag the general Multiplicator 

— y being exaSly of' the fame Form mtb the-fi«ft 

above given, mud the refo re be the Fluxtoft of the Angle 
at the Center, when the-Indei^ of the Force \% r — 3 ; 
for the very fame Rea(bnB that the former appears to be 
the Fluxion thereof when the Index is m — 3 (or «.) ' 

Hence, if the Fluent of 

— ' , or th« 



n/i + 



\ 2>' 



r — 2.^* r — 2. J* 

Angjie 2X the Center^ when l;he Exponant is r — 3 (or 

4 4 

— — 3 = „jl\ "^S) ^ denoted by tq, the ValuQ 

of z, (the Meafure of the faid Angle, when the £x-^ 
ponent is ;w— 3 (or n) will be truly defined by — ^. 

From whifh we colled that, if tfap Indices of the 

4 
Force, in any two Cafes, be reprefentedby n ^d 1 ^ ' 

— 3, and the refpe€|:ive Diftances ftom the Center by 

ail 

X and AT ^ , then the Angles themfelves QM^tefpondjiig 
to thofe Diftances will be every where in the conflanc 
Ratio pf 2 tp ^-{-3. Thereforpj wbefi tb^ Orbit cs^ 

"be 
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l>e confiruded in the one Cafe, it alfo may in the other, 
provided the above Equation j* (=: j — == j = 

> — , for the Relation of the Celerities at A, 

2 + » + !•/* 

does not become impoffible, as it will, fometimes, when 

X is a negative Number. 

Corollary IIL 

245. If the Bodf be fuppofed to move in a ver- 
tical Direftion AH ; then, putting the Velocity 



J 



T* T 2*'+» 



^. + -_j<a» + »-^j^=o, we get* 



I 
H + I 



(CH) = |/>*X»+i+il X a = the Height 



I 



to which theBody will afcend : Hence f^*x « + 1+ il 

y,a — a (= AH) is the Diftance thro' which it muft 
freely defcend to acquire the given Celerity at A : This 
Diftance, in cafe of an uniform Force, when » = o, 
will become = f p^a : And, when the Force is in-, 
verfely as the Square of the Diftance, it will then be =: 

■ 

But, when />=i, or the Velocity at A is juft fuffi- 
cient to retain a Body in the Circle AEF, AH becomes 

::;= £--L I Xa — a: Which in the two Cafes 

2 I 

aforefaid will be equal to |^, and a refpeftiv^ly 5 but, 
infinite, when » is = — 3. 



Cg- 
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COROLLA&Y IV. 

246, When the Value of n+i « pofitive, the Ve- 
locity at the Center, where jr = o, will be barely = 

J f-\' ^ X fl^ + ' 5 but if the Value of «+ i 
be negative, the Velocity at the Center will be infinite ; 
becaufe, then o is infinite. 

Corollary V. 

247. Moreover, when a + i is negative and x in- 

becaufe then **"^ *=: o. 

Hence, if the centripetal Force be inverfely as fome 
Power of the Diftance greater than the firft, the Body 
may afcend, ad infinitum^ and have a Velocity always 



J 



2 



greater than v p^A X^"**"' * which is to, 

«+ 1 

— / . 2' 

pa ^ ^ the given Velocity, at A, as v ^*+ „ -j- 1 ^^ 
p. And this will adually be the Cafe when the Value 

2 2 

of p* + rxt is pofitive, or />* greater than , 

but not other wife, the fquare Root of a negative Quan- 
tity being impoffible. 

Thus, if » = — 2, or the Force be inverfely as the 
Square of the Diftance, and p*, at the fame time, greater 

than 2 y ^ ^) the Body will not only continue to 

afcend in infinitumj but have a Velocity always greater 

than that defined by \/^* — 2, which is its Limit. 

Co- 



^yo ' Tie VJe ^a/^Lmcwst 



CoR«&ftilftT VI, 

248. Hence the lealtQderi^ iiificMBtito caufe the 
Body "to afccitd for tv^r iti r Right^Hiie isg^ven. i£o|'^ 



^ing J P^ + - 



' putting %/ P* + -"T" *^ ^'^ * ^ ^ ^'''^' **^® ^ =^ 



y; 



• Therefore the leaft Celerity by which 

the Body might afcend for ever, is to that wheieby it 



to 



may revdve in a Circle AEF, as ^ 

' Unity. ' Frotn which it appears that, if the Force be 
'inveriely a»«ny^Power of the Difiance greater ibdm the 
third, aJefs Velocity will caufe a Body to a(cend ad in* 
fiHttum than would retain it in a. Circle. 

So HOCIIMiI. 

249. From (he -Ratio -of the Velocity 
(Jp-J^JL^ Xfl* + ^ — .^jLlJ wherewith the 
Body arrives at any Diftance x from the Center, to that 

( — ) 

►Alt. 214. \;^ * /* which it ought to have to revolve in a Circle 
at the fame Diftance, it will not be difficult to determine 
in* what Cafes the Body will be forced to the Center, 
and in what others it will continue to fly it ad inpnitum. 
For, firft, if the Angle CA^ be acute, or the Body 
from A begins to defc^nd, it will continue to do fo till 
It aftually arrives at the Center, if the former Velocity, 

during the Defcent, be not fomewhere greater than the 

y— — — — . * -^ 
. « + 1 

greater than Unity ; bccaufe, if it ever begins to afcend, 

It 




it miift have to ifyfi^ to D (Sivtiere a[ Right-line ihinivn 
'from flie'Cditer' ciitB^die Oi^t at HighMngfes) 4nd 
there the Celerity muft evidently be greater than that 
*1itSciem tdrcaufe theBbajr to revolve in a Girde. 
Secondly, but if the Quantity 

in the Aocefi of 

the body towards the Center, increafes To as to'bedotne 
greater than Unity, or he every where fo ; then the Ve- 
locity at aH Inferior Dtffances bebg more than fiifficitoc 
to retain a Body in a Circle at any fuch Diftance, the 
t^rojcSEUie cannot be forced to the Center. 

After the fame Manner, if the Angle CA^ be ob* 
tiife, br the Body from A begins to afccnd, it'Will C6n- 
tinue to do^fo for ever» when the ibre(aid Quantity is 
alvms grtatef tt^ or, which is the fame, when 

the Bo^^'ia' its Receis from the Center, has in every 
Place thro^ which it pafleth, a Velocity greater than 
fufficient to retain it in a Grde at that Diftance. 

It therefore now remains to find in what Laws of the 
centripetal Force thefe different Cafes obtain : And, firft, 
it is eafy to perceive that when the Value of ;r-f~i ^ P^* 

/>* + -i- Xl ?_ will, 

«+i A^***** »+^ 



by increafing Xy become equal to nothing* Therefore 
the Body cannot afcend for ever in this Cafe : Neither 
can it defcend to the Center (except in a Right-line) 
becaufe the fprefaid Quantity, by diminifiiing x^ be- 
comes greater than Unity (or any other affigoable 
Magnitude.) 

But, if tbc Value of » be betwixt — i, and -*-3, 
the faid gimeral Expreffion, taking x infinite, will alfo 

2 

become infinite, provided the Value of p* + "-r" he 

2 \ 

pofitive (or p* greater than j. Therefore the 

Body 
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Body* iti this Cafe, may afcend ad infimtum^ but cannot 
poffibly fall to the Center (except in a Rigbt4ine j fince, 

- —2 — ) the Value of the general ExpreflSon^ 

when xz=.o^ is greater tlian Unity. 

Laftly, if ff be exprefled by any negative Number 
greater thart — 3, or the Law of the Force be invcrfely 
as any Power of the Diftance greater than the third, the 



J 



ofjp-- * - " 



«+I 



two extreme Values of -^ />*-! — ;— X ; — 

will, y?///, be denoted as in the preceding Cafe ; but 

here the latter of them, / Zl— , is lefs than Unity. 

Therefore the Body muft, in this Cafe, either afcend for 
ever, or be forced to the Center 5 except in one pacrti- 
cular Circumftance, hereafter to be taken notice of. 
Now, from thefe Obfervations we gather, 
1°. That, when the centripetal Force is as any Power 
of the Diftance direftly, or lefs than the firft Power 
thereof inverfely, the Orbit will always have an higher 
and a lower ^p/e i beyond which the Body canftot 
afcend or defcend. 

a''. That, when the centripetal Force is inverfcly 
as any Power of the Diftance (whole or broken) be- 
twixt the fir(t and third, the Orbit will alfo have two 

JpfideSy li p be lefs than ^/ — — I — ; but otherwife, 

only one ; in which laft Cafe the Body, after it has 
pafled its Apfe, will continue to recede from the Center 
in iftfinitutn, 

3^. That when the Force is inverfely as any Power 
greater than the third, the Orbit can, at moft, have but 
one Apfe ; but, in fome Cafes, it will have none at all : 
And it may be worth while to inquire here, under what 
Reflrictions of the Velocity (p) this will happen; fmce 
thereby, befidcs bcins able to know when the Body will 

be 
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. be forted to the Center, l^c. we fhairfall upon a Cif- 
cumllance fomewhat remarkable and curious. 

Now it appears, that, if the Body from A begins to 
defcend, it muft, when it comes to an Apfe at D, have 
a Velocity there greater than is fufiicient to retain it 
in a Circle ; in which Cafe the general Expreffion 

p'*- + -^ X ^1-r -1- f fo often mention^a 

above) muft accordingly be greater than Unity. Let 
It be therefore made eqtial to. Unity, which is the ut« 
moft Limit thereof, beyond which the Orbit cannot ad- 
mit of an Apfe j putting at the fame time i-, or its Divifor 

/•^H--^- X y* - f>^^-- __!l' •' - , in the 

general Equation of the Orbit, equal to nothing 
(it being always fo at the Apftdes') Then, from 
thefe two Equations, duly order'd, we (hall get x =3 



J 




, ^'^ X IT . Now, it is evident, if the 

»+3 I 
Value gf p be greater than is given from the laft Equa- 
tion, the Orbit will have an Apfe j but if lefs, it can 
have none. In the former Cafe^ the Body will there- 
fore fly quite ofF; and in the latter, it will be forced to 
the Center. But we are now, naturally, led to inquire 
. what will be the Confequence when the Value of'/> is 
neither greater nor lefs, but exactly the fame as given from 
the forcfaid Equation : This is the Cafe above hinted at ; 
and here the Body will continue to defcend ^or ever in a 
Spiral, yet never fo low as to enter within the Circle 

I 

'"Nw+l 

whofe Radius CD is == ^±^itiil Xtf. For, if 

T the 



\ 
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the congary were poffible, the Body, at its Airnral to th» 
Circumference of that Circle, would (becaufe of tht 
forefaid Equations) not only have a Diredioo, but alio 
Vekxnty proper to retain it therein ; which cannot be, 
becauie the Parts of the Orbit on either Side of an Apfe 
are always fimilar to each other. 

From the fame Equation, the Value of die Limit 
will alfo be given when the Angle of Diredion CA^ b 
obtufe, or the Body is projeded upwards : 

For that Equation (as is eafy to demonftrate *) ad« 
mits of two different Roots, or Values of ^ ; the one 
greater, the other lefs, than Unity : Whereof the for* 
pier, giving CD (x) left than CA, is to be taken in 
the preceding Cafe, and the latter (making CD greater 
than CA) in the prefent. And the Body will, either, 
continue to afcend for ever, or come to an jfpjiy and 
from thence fall to the Center, according as the given 
Value of p is greater or le& than that here fpecified. 
But if it be neither greater nor lefs, but exa^y the 
fame, then the Body, tho' it will ftill continue to 'afcend 
for ever in a Spiral, yet it can never rife fo high as 
the Circumference of the Circle whofe Radius CD is = 



1 



ji r 'P j ^^^ fQj. Reafons fimilar to thofe already 
dcliver'd, in refpcft to the preceding Cafe. 

• Matbim.itical Dffert. ^.167. 
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